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1 Rearrangements

We recall in the present Section and in the next one some basic definitions and properties on rear-
rangements and rearrangement-invariant spaces. We refer to [BS| for a comprehensive treatment
of these topics.

Let (R,v) be a o-finite, non-atomic measure space. In most of our applications, R will just be
an open subset of R®, n > 1, and v the Lebesgue measure.

We define
M(R,v)=M(R)={u:R — [—00,00] : u is v-measurable}.
We also set
M (R,v) = M (R) = {u € M(R):u >0},
and

Mo(R,v) = Myp(R) = {u € M(R) : u is finite a.e. in R}.

Definition 1.1 [Distribution function] Let u € M(R). The distribution function f, : [0,00) —
[0, 00] of w is defined as

(1.1) pu(t) = v({x € R :|u(z)| > t}) for t > 0.

Definition 1.2 [Decreasing rearrangement] Let u € M(R). The decreasing rearrangement
u* :[0,00) — [0,00] of w is defined as

(1.2) u*(s) = sup{t > 0: p,(t) > s} for s € [0, 00),

(with the convention that sup () = 0).

Note that u* is the generalized right-continuous inverse of p,,.

One has that u*(s) =0 if s > v(R).



Definition 1.3 [Equimeasurable functions] Two functions u € M(Ry,v1) and v € M(Ro, 15)
are said to be equimeasurable, or equidistributed, if 1, () = p,(t) for t > 0.

Remark 1.4 Equation (1.2) entails that

(1.3) o (1) = p1y,(T) for t > 0.

Indeed,

{u” > 1} = [0, pu(t))-
Thus, v and u* are equimeasurable functions. In particular, ©* is the unique non-increasing right-
continuous function in [0, 00) equimeasurable with w.

Assume that ¥(R) < oo. Then the signed decreasing rearrangement u° : [0, ¥(R)] — [—o0, 00] is
given by

(1.4) u’(s) =sup{t € R:v({u >t}) > s} for s € [0,v(R)].

The function u° is equimeasurable with u. Moreover, on setting

Uy = |u|2—|—u and u_ = |u|2—u’

the positive and negative parts of u, respectively, one has that

(1.5) u’(s) =ui(s) —u (V(R) —s) for a.e. s € [0,v(R)].

Proposition 1.5 [Properties of rearrangements| Let u,v € My(R), {ur} C My(R), and
A € R. Then:

(i) If |v| < |u| a.e., then v* < u*.

i) (Au)” = [Alu”.

i) (u+v)*(s1+ s2) < u*(s1) +v*(sg) for s1,s9 > 0.
iv) If |u,| /* |u| a.e., then u* A u*

(
(
(
(v) u*(po(t)) <t  and  w*(p.(t)” ) >t it py(t) < occ.
(Vi) pru(u(s)) <s  and pu(u*(s)7) > s if u(s) < oo.
(
(

vii) If ¢ : [0, 00] — [0, 00] is increasing and continuous, then

1.6) ¢(ful)” = o(u”).

Proposition 1.6 [Invariance of integrals] Let v € M(R), and let ¢ : [0,00] — [0,00] be
non-decreasing. Then

(1.7) [ etu@nas= [~ o

and

(1.8) esssup, g |u(z)| = supu*(s) = u*(0).
s>0



Proof. Let us assume, for simplicity, that ¢ is left-continuous, the general case requiring just few
modifications. We have that

o(t) = ¢(0) + /[Ot) do(T) for t > 0.

Thus, by Fubini’s theorem,

(1.9) /R o(u()]) dv(z) = /R (¢<o>+ /[ ,lu(z))dw)d“@:
— H(0)(R) + /0 ) ( /R X[0,|u(x))(7)d7/(93))d¢(7)

— 6(0)w(R) + / (P (7).
0
An analogous chain with u replaced with u* yields
/ o(u(s)) ds = (0)/(R) + / e (7)dS(T).
0 0

Hence, equation (1.7) follows, since fu, = fy».
By the latter equation,

esssup, g |u(z)| = supu*(s) = u*(0),
s>0

whence (1.8) follows. O

Corollary 1.7 [Invariance of L” norms| Let p € (0,00] and let u € LP(R). Then

(1.10) ullzr(r) = [l || Lp(0,00)-

Theorem 1.8 |[Hardy-Littlewood inequality] Let u,v € M(R). Then

(1.11) /|u )| dv(z) < /Ooou*(s)v*(s)ds.

Proof. Denote by xg the characteristic function of a set E. We have that

(1.12) u(z)| = / Nipen(@)dt  forz e R,
0

and, similarly,

(1.13) u*(s) = / X{usty(s)dt  for s > 0.
0

From (1.12)- (1.13) and their analogues for v and v* we obtain, via Fubini’s theorem,

(1.14) /|u x)| dv( )Z/R(/OOOXﬂu»}(w)dt)(/OOOXﬂvw}(fﬁ)dT)dV(ﬂf)
= /Ooo /OOO (/RX{|u|>t}($)X{v|>f}(w)d1/(x))d7df
= /O . /0 ) ( /R X{|u|>t}m{|v|>7}(l‘)dV(x))det

_ /Ooo /OOO v({lul > £ 0 {|o] > 7})drdt



and

(1.15) /000 u*(s)v*(s)ds

/ (/ X{u*>t}(8)dt) (/ X{m>7}(8)d7> ds
0 0 0

/ / (/ X{u*>t}(S)X{v*>T}d8) drdt

o Jo 0

_ /0 ” /0 " min{pu (1), g (7)bdrdt

Since
v({|u] >t} N {|v| > 7}) < min{u,(t), p(7)} for t,7 >0,

inequality (1.11) follows from (1.14) and (1.15). O

Definition 1.9 [Maximal function of the rearrangement] Given u € M(R), the function
u** 1 (0,00) — [0, 00] is defined as

1 S
(1.16) u(s) = —/ u*(r)dr for s > 0.
0

Proposition 1.10 Let u € M(R). Then

(1.17) W (s) = ésup{/E]u(:cﬂdl/(x) B = 3} for s> 0.

Proposition 1.11 Let u,v € My(R). Then

(1.18) (u+v)*(s) < u™(s) +v™*(s) for s > 0.

2 Rearrangement invariant spaces

Let L € (0,00]. We say that a functional || - || x(,z) : M4 (0, L) —= [0, 00] is a function norm, if, for
all f, g and {f;}jen in M4 (0, L), and all A > 0, the following properties hold:

(P1) | fllx(0,0y = 0 if and only if f = 0; [|Afllx.0) = Al fllx0,L):
1f +gllxo.) < Ifllxo.z) + l9llx 0,3

(P2) f < gae implies || f]|x.r) <ll9llx0.1);

(P3) fi / f ae implies || fillxo.L) /| fllx0.0);

(P4) IxEellx©r <oo if EC(0,L), with |E| < oo;

(P5) [ f(s)ds < C||fllxq,) if E C (0,L) with |E| < oo, for some constant C' = C(X, E).

If, in addition,



(P6) 1f1lx(0,0) = ll9llx(0,L) whenever f* = g*,
we say that || - ||x(o,z) IS a rearrangement-invariant function norm.
With any rearrangement-invariant function norm || - || x(o,z), it is associated another functional

on M, (0, L), denoted by | - ||x(0,z), and defined, for g € M (0, L), as

L
lollon = s [ fs)als)ds
£20
1Nl xc0,0y<1
It turns out that || - ||x/(o,z) is also a rearrangement-invariant function norm, which is called

the associate function norm of || - ||xo,z)-
Given a rearrangement-invariant function norm ||- || x(0,.(r)), the rearrangement-invariant space
X(R,v) is defined as the collection of all functions u € M(R,v) such that the expression

(2.1) [ullxm) = [l x 00w
is finite.
Theorem 2.1 The functional || - || x(r,) is actually a norm, under which X(R,v) is complete.

Hence, X(R,v) is a Banach space. Moreover, X(R,v) C My(R,v) for any rearrangement-
invariant space X (R,v).

If R = (0, L) for some L € (0,00], and v is the Lebesgue measure, we denote X (R, ) simply
by X(0, L).

The space X (0,v(R)) is called the representation space of X(R,v).

If R is a subset of R", we also denote by Xj..(R,v) the space of all functions u € M(R,v)
such that uxg € X(R,v) for every compact set G C R.

The rearrangement-invariant space X'(R, v) built upon the function norm ||-|| x/(0,(r)) is called
the associate space of X(R,v). It turns out that X”"(R,v) = X(R,v). Furthermore, the Hélder
type inequality

(2.2) /R|u(x)v(x)|dl/(x) < [lullx®umllvllxmw)

holds for every v € X(R,v) and v € X'(R,v).
The notation
X(R,v) = Y(R,v)

means thatX (R,v) C Y(R,v), and the identity map is a bounded (linear) operator.
For any rearrangement-invariant spaces X (R, v) and Y (R, v), we have that

(2.3) X(R,v) = Y(R,v) ifand onlyif Y'(R,v) = X'(R,v),

with the same embedding norms.
Given any A > 0, the dilation operator FE, is defined at a function f € M(0, L) as

f(Ats) if0<s<AL

(Exf)(s) = {0 if \L <s<L.

The operator E) is bounded on any rearrangement-invariant space X (0, L), with norm not ex-
ceeding max{1, ; }; namely

1
| Exflx0,) < max{1, X}||f||X(O,L)



for every f € X(0,L).
The Hardy-Littlewood—Pdlya principle asserts that if the functions u,v € M(R, v) satisfy

/ u*(r)dr < / v*(r)ydr  for s € (0,00),
0 0

then
ull x(rw) < JV]lxRw)

for every rearrangement-invariant space X (R, v).
Let X(R,v) and Y(R,v) be rearrangement invariant spaces. Then

X(R,v) CY(R,v) if and only if X(R,v) = Y(R,v).
If ¥(R) < oo, then
(2.4) L®(R,v) = X(R,v) = L*(R,v)

for every rearrangement-invariant space X (R, v).
We now recall the definitions of some customary rearrangement-invariant spaces.
Throughout, we use the convention that é =0, and 0-o00 = 0.

Lebesgue spaces. A basic instance of a function norm is the standard Lebesgue r.i. function

norm | - ||e(o,1), for p € [1,00], upon which the Lebesgue spaces LP(R,v) are built.
Lorentz spaces. The Lorentz spaces yield an extension of the Lebesgue spaces. Assume that
1 < p,q < co. We define the functionals || - ||zra(o,zy and || - || zwao,z) @8
1 llnaony = ||s 757 s)| and || = |55 r79)
Lr-4(0,L) Le(0.0) L(®9)(0,L) La(0.1) )
respectively, for f € M, (0, L). One can show that
(2.5) | Mlzeazy = - lpwar) if1<p<oo,
up to multiplicative constants. The functional || - || ¢ (g ) 1S a rearrangement-invariant function
norm. If one of the conditions
l<p<oo, 1<qg< o0,
(2.6) p=q=1
p=qg=00,
is satisfied, then || - ||zra(o,r) is equivalent to a rearrangement-invariant function norm. The cor-

responding rearrangement-invariant spaces LP4(R,v) and L®9(R,v) on a measure space (R, V)
are called Lorentz spaces.
Let us recall that
LPP(R,v) = LP(R,v) for every p € [1, 00],

and that
1 <q<r<ocoimplies LP(R,v) — LP"(R,v),

with equality if and only if ¢ = r.
Moreover, if

V(R) < o0, then LPLT (R, v) — LP>2 (R, v) if p; > pe, for all ¢; and ¢s.



Orlicz spaces. A generalization of the Lebesgue spaces in a different direction is provided by
the Orlicz spaces. Let A : [0,00) — [0,00] be a Young function, namely a convex (non trivial),
left-continuous function vanishing at 0. Any such function takes the form

(2.7) A(t) = /Ota(T)dT for t > 0,

for some non-decreasing, left-continuous function a : [0, 00) — [0, o] which is neither identically
equal to 0, nor to oc.

A Young function A is said to dominate another Young function B near infinity if positive constants
c and ty exist such that

(2.8) B(t) < A(et) for t>t.

The functions A and B are called equivalent near infinity if they dominate each other near infinity.
The Luzemburg r.i. function norm built upon A is defined as

1fllLaco,r) = inf {)\ >0 /OLA (@) ds < 1}

for f € M_(0,L). The Orlicz space L*(R, v) is the rearrangement-invariant space associated with
such function norm.

In particular,
LAR,v) = LP(R,v) if A(t) = t? for some p € [1,00),

and
LA(R, v)=L>®(R,v)if A(t) = oox(lyoo)(t).

If v(R) < oo, then
(2.9) LA(R,v) — LP(R,v) if and only if A dominates B near infinity .

We denote by LPlog® L(R,v) the Orlicz space associated with a Young function equivalent to
t?(logt)® near infinity, where either p > 1 and @ € R, or p = 1 and o > 0. The notation
exp L°(R,v) will be used for the Orlicz space built upon a Young function equivalent to e’ near
infinity, where 3 > 0. Also, expexp L?(R,v) stands for the Orlicz space associated with a Young

function equivalent to e near infinity.

3 Perimeter and isoperimetric inequalities

Throughout this Section, {2 denotes an open subset of R, with n > 1. References for the material
of this section include [Ma2, Zi.

Definition 3.1 [Sets of finite perimeter| Let £ be a Lebesgue measurable set in R™. The
perimeter P(F;Q) of E in Q is defined as

(3.1) P(E;Q) = sup { /Edidex U € CR(Q,R™), |U(2)| < 1}.

The set E is said to have finite perimeter in Q if P(E; Q) < oo.



When Q = R", we denote P(F,R™) simply by P(E), and if P(E) < oo, then E is just called a set
of finite perimeter.

Note that
(3.2) P(E;Q)=P(Q\ E;Q)

for every measurable set £ C R", since

0= / divU dx = / didea:—i—/ divU dx
Q E Q\E

for any U as on the right-hand side of (3.1).

Given «a € [0,00), denote
we = 72 )T(1 + a/2),

where

I'(s) = / r*le”"dr for s >0,
0

the Euler Gamma function.
Recall that I'(n + 1) = n!lif n € N.
Moreover, w, equals the Lebesgue measure of the unit ball in R" for n € N.

Definition 3.2 [Hausdorff measure| Let a € [0,00) and £ C R™. For € > 0, set

H?(E) = inf { Z %(diam(Ek))a : dlaHl(Ek) <€, EC U Ek}
k=1 k=1

The a-dimensional Hausdorff measure of E is defined by

(3.3) HO(E) = lim HO(E).

e—0

Since the function ¢ — H(FE) is non-increasing, the limit on the right-hand side of (3.3) exists,
possibly infinite, for every set £ C R".

Proposition 3.3 [Properties of the Hausdorff measure]| Let n € N and « € [0, 00).
(i) H™ is an outer measure in R™.
(1) The Borel sets are H*-measurable.

Definition 3.4 [Domain of class C"™“] Let m be a nonnegative integer, and let o € [0, 1].
An open bounded set 2 € R" is called a domain of class C"® if for every x € 02 there exist a
neighborhood U, of x, a Cartesian coordinate system (&, . ..&,) and a function ¢ = ((&1,...,&—1)
of class C™® such that

(34) Q mux = {(517 = Sn) € ux : Sn > 6(617 s 7511—1)}-



We set C™0 = O™,
Domains of class C* are defined accordingly.

Definition 3.5 [Lipschitz domain| A Lipschitz domain is an open set of class C%!.

Definition 3.6 [Domain with the cone property] An open set 2 is said to have the cone
property if there exists a finite cone A such that each point in €0 is the vertex of a finite cone
contained in €2 and congruent to A.

Proposition 3.7 If E € C?, then
(3.5) P(E;Q)=H" 1 (0ENQ) < c0.

Proof. Let U € C§°(2,R") be such that |U(z)| < 1 for x € R". Then, by the Gauss-Green
theorem,
/ divU(x) dx = / n-UdH" '(z) <H"HOENQ) < o0,
E OF
where n(z) denotes the outer unit normal to F at x.

In order to prove the reverse inequality, observe that, since £ € C?, there exists a an open set
G D OF such that the distance function d(z) of z from OF belongs to C*(G \ F), and

z —§()
d(z)

where £(z) is the unique point in OF such that d(z) = |z — &(z)|. To verify equation (3.6) observe
that £(y) is constant as y approaches OF along the segment through £(z) and parallel to n(x).
Hence, the derivative of d at x along —n(x) is 1. It is easily seen that d is a Lipschitz function
with Lipschitz constant not exceeding 1. Altogether one obtains equation (3.6).

Since Vd(z) = n(x) on JF, the latter being a smooth level set {d = 0} of the function d, we infer
from (3.6) that the function n has an extension n € Cj(R") such that [n(z)] < 1 for z € R".
Thus, on choosing U = nn, where n € C§°(Q2), |n(x)| < 1, one has that

/didem:/diV(ﬁn) dx:/ ndH" ().
E E OF

(3.6) Vd(z) =

Hence,

P(E:Q) > sup { [ @) e G nto)] < 1}
=H"OENQ).

For an arbitrary measurable set F/, one only has that

(3.7) P(E;Q) < H" Y OENQ).

Equality can be restored in (3.5) provided that the topological boundary OF of E is replaced by
a suitable notion of "essential boundary" of E.

In what follows, we denote by B,.(z) the ball in R", centered at x € R", having radius r > 0. We
shall also set B, = B,(0).
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Definition 3.8 [Essential boundary] Let E be a Lebesgue measurable set in R™. For v € [0, 1],

define |E B( )|
Nb,.(x
E’Y = c RTL : l —_— = .
{‘” 0t |By(x)] ”}

The essential boundary 0 E of E is given by

(3.8) OME =R"\ (E°U EY).

The set E7 is called the set of points where E has density . Thus, O™ E is the set of points of R”
where E/ has neither density 0 nor 1.

Theorem 3.9 Let E be a measurable set in R™. Then

(3.9) P(E;Q) =H" Y (OMENQ).

In particular,

(3.10) P(E) = H" Y (OME).

Theorem 3.10 Let E C Q) such that |E| < oo and P(FE;€Q)) < co. Then there exists a sequence
of sets {Ex} such that

(i) Ey is of class C™ in (),

(i1) limg 00 Xp, = X in Lip(2),

(111) limy o0 P(E);2) = P(E; Q).

Given any measurable set E C R™, we denote by E* the (open) ball centered at 0 and such that
[EX| = |E|.

Theorem 3.11 [Isoperimetric inequality| Let E be a measurable set in R™, n > 1, with |E| <
0o. Then

(3.11) P(E*) < P(E).
Equivalently,
(3.12) nwl/™ E|wv < P(E).

Moreover, equality holds in (3.11) or (3.12) if and only if E = E* (up to a set of measure 0).
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4 Symmetrization of functions vanishing on the boundary
In this section, €2 denotes an open subset of R"™.

Definition 4.1 [Radially decreasing symmetral] Let u € M(). The radially decreasing
symmetral u* : Q% — [0, 0o] of u is defined as

(4.1) u* (z) = u*(wy|z|™) for x € Q*.

It is easily seen that
Hu = Hux = Hoyk.

Thus, via Proposition 1.6, one has the following.

Proposition 4.2 [Invariance of integrals| Let |- || x(o,jo)) be a rearrangement invariant function
norm, and let u € M(2). Then

(4.2) lullx @) = l[u*|x(@x)-

Besides the invariance of quantities depending only on the distribution function, a fundamental
property of the operation of radially decreasing symmetrization, when applied to Sobolev func-
tions, is the non-increase of gradient norms. Such a property is crucial in view of applications
of symmetrization to Sobolev type inequalities, and is known as Polya—Szeg6 principle. Its proof
relies upon the isoperimetric inequality and on the coarea formula.

Given p € [1, 00|, we define the (homogeneous) Sobolev space
(4.3) VEP(Q) = {u: wuis weakly differentiable in Q and |Vu| € LP(Q)} .

The local Sobolev space V,2?(Q) is defined analogously, on replacing L?(Q) by L2 () on the
right-hand side of (4.3).
We also define

ViP(Q) = {u € V(Q) : the continuation of u by 0 outside Q
is weakly differentiable in R", and p,(t) < oo for ¢ > 0}.

Thus, V,""(Q) is the subspace of those functions in V*?(Q) which vanish, in a suitable sense, on
o0.

Parallel definitions hold if L?(Q2) is replaced with a more general rearrangement-invariant space
X (). Thus, we set

(4.4) VIX(Q) = {u: uis weakly differentiable in Q and |[Vu| € X(Q)},
and

Vi X(Q) ={u e V'X(Q): the continuation of u by 0 outside
is weakly differentiable in R", and p,(t) < oo for ¢ > 0}.
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Theorem 4.3 [Coarea formula] Let u € V.2 (Q) and let f : Q — [0,00] be any Borel function.
Then, there exists a representative of u such that, for a.e. t € R,

(4.5) Mu>tyNQ={u=t} uptoasetof H" '-measure zero.

Moreover,

(4.6) /Qf(x)|Vu|dx:/_Z /{u:t}f(x) dH™ (z)dt .

In particular, formula 4.6 tell us that

/Q|vu\dx _ /:H"—1<{u — 1)) dt
_ /_Z H OV {u > 1} N Q) dt = /oo P({u> t}:Q)dt

—0o0

Theorem 4.4 [Pélya—Szego principle] Let p > 1, and let u € V; P(R"). Then u* € V;*(R"),
and

(4.7) |VuX P dr < |VulPdx .
Rn

R

Proof. We split the proof in several steps.
Step 1. The function u* is locally absolutely continuous in (0,00), and

d

1
— |Vu| dz > nwy; sﬁ(—u*’(s)) for a.e. s > 0..
A J{jul>u (51}

(4.8)

A basic property of Sobolev functions tells us that [u| € V;"?(R") as well, and that |V|u|| = |Vu|
a.e. in R".

Let (a,b) be any subinterval of (0, 00). We have that u € V;';'(R"). By the coarea formula applied
with f = X{u*()<|u/<u*(a)} and the isoperimetric inequality, one gets that

(4.9) / \Vu|dx:/ |V |ul|| da
{u*(B)<|u|<u*(a)} {u*(b)<|u|<u*(a)}
u*(a)
— [l =) ar

> nw

S3|=
IS
*
&
=
IS
—
~
~—
&l
IS
I

u*(b)

> nwd (jra(u(@)7)) (u* (@) — u*(5))
> nwi av (u*(a) — u* (b)) .

-

Note that the last inequality holds owing to property (vi) of Proposition 1.5.
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Now, given any § > 0, let (ag,b), k = 1,..., K, with K € N, be any pairwise disjoint intervals
contained in (§,00). On applying (4.9) with (a,b) replaced by (a,by), and adding the resulting
inequalities yield

K
1
(4.10) Z (ag) —u*(by)) < —5— / |Vu|dz.
k=1 nwyy 07 J Ur{u (be) <|u|<u*(ar)}
Since
K
(4.11) | Up {u"(bg) < |u| < u*(ag)}| = Z| *(br) < |u| < u(ak)}
k=1
K
=D (p(w(0n)) — prulu™(ar) 7))
k=1
K
< Z(bk — ay)
k=1

from (4.10) and the Hardy-Littlewood inequality (1.11) we obtain that

K K _
]_ Zk:l(bk ak)
(4.12) > (u(ag) = ut (b)) < — / Vul*(s) ds
0

1 nwR oW

We claim that last integral is convergent. This is trivially verified if |Vu| € L>(R™). Otherwise,
by the invariance of integrals under decreasing rearrangement,

(4.13) / V(s ds = [ |VulPdz < oo,
0 R™

and hence the assertion follows from the fact that lim, . t”/t > 0. The absolute continuity of u*
on (9,00) is thus a consequence of (4.12) and of the absolute continuity of the Lebesgue integral.
In order to prove (4.7), observe that

Lt p (1 (b)) ,
(1.14) nwt / Ll = no / (0 (1) ¥ (=™ () dr
o

u*(by) u(u*(ar))

by
= nwy; / rﬁ(—u*/(r)) dr for k € K,

ag

where the first equality is a consequence of the (local) absolute continuity of u*, and the second
one holds since p,(u*(r)) = r if r does not belong to an interval where u* is constant and u*’
vanishes in any such interval. From (4.9), (4.12) and the Hardy-Littlewood inequality again, we
deduce that, for any family of disjoint intervals {(ax, bx)} with (ag, bx) C (0, 00),

1 Zk(bkfak)
(4.15) >k / ) dr < [ IVl (r) dr
0

ag

Since each open set in R is a countable union of disjoint open intervals, inequality (4.15) implies
that

L &)
(4.16) nwﬁ/Ern’(—u*’(T))drg/O |Vul*(r)dr
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for every open set £ C (0, 1). In particular, inequality (4.16) tells us that the function ra (—u*'(1))
is integrable on (0, 00). Thanks to the fact that any measurable set can be approximated from out-
side by open sets, and thanks to the absolute continuity of the Lebesgue integral, inequality (4.16)
continues to hold for any measurable set E C (0, 00). Since

b [ % )] 1) dr = sup sk [+

|E|=s

3\‘._.

(—u™(r)) dr

for s € (0,00), we infer from (4.16) that
1S L % s
(4.17) nw,’{/ [()?(—u*'())} (r)dr g/ |Vul*(r)dr
0 0
for s € (0,00). Hence, by the Hardy—Littlewood—Polya principle,

1
n’

1
(4.18) I rar (= (1)) 2o 0.00) < VUl Lo ().

Here, and in similar occurrences below, ||Vu||Lr(rn) is an abridged notation for || [Vul || £ ®n).
Since u* is locally absolutely continuous on (0, c0), then u* is weakly differentiable, and

1 1
|Vu* (2)| = nwit (wn|z]™) v (—u (wp|z|™))  for ae. z € R™.

Hence,
1 4 "
(419) ||vu*HLp(Rn) = ”TL(U;LL’]”TL’ (—U /<T))||Lp(0700).
Inequality (4.7) follows from (4.18) and (4.19). O

The following result is a straightforward consequence of Theorem 4.4

Corollary 4.5 Let p > 1 and let 2 be an open subset of R". Assume that u € VOLP(Q). Then u*
is locally absolutely continuous in (0,|Q|), u* € VP (Q*) and

(420) ||VU||LP(Q) Z ||vu*||Lp(Q*) = ||nw}l/"sl/”/u*/(s) ||Lp(0,|QD .

Proof. Use Theorem 4.4 and the fact that the continuation of u to R™ by 0 outside €2 belongs to
Vo P(RM). O

Theorem 4.6 [Polya—Szeg6 principle: case of equality] [BZ]; see also [FV] Let p > 1, and
let u € V3P (R™). Assume that:

(4.21) |VuX P do = |VulP dz
R® R
and
(4.22) H{Vu* =0} N {0 < u* <esssupu}| =0.
Then
(4.23) u=u* a.e. in R™,

up to translations.
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Via a somewhat different argument in Steps 3 and 4 of the proof of Theorem 4.4 one can easily
show that, if equation (4.21) holds, then:

u > 0;
{u >t} is (equivalent to) a ball for a.e. t > 0;

|Vu| is constant H" '-a.e on {u = t}, for a.e. t > 0.

The difficult part in the proof of Theorem 4.6 is to show that, under the additional assumption
(4.22), the balls {u > t} are concentric.

Owing to inequality (4.17) and to the Hardy-Littlewood-Polya principle, the following Polya—
Szegd inequality for arbitrary r.i. norms holds.

Theorem 4.7 [Generalized Polya—Szegd principle| Let X(2) be an r.i. space, and let u €
Vi X(Q). Then u* € Vi X(Q2%), and

(4.24) ||VU||X(Q) 2 ||V'LL*||X(Q*) = ||nw711/”31/"/u*/(8)||X(07‘Q|).

5 Sharp Sobolev inequalities for functions vanishing on the
boundary

In this section, €2 denotes an open subset of R™.

The Polya—Szego principle enables one to reduce the problem of any Sobolev type inequality, for
functions vanishing on the boundary of their domain, involving arbitrary rearrangement invariant
norms, to a suitable one-dimensional inequality for a Hardy type operator.

Theorem 5.1 [Reduction principle for functions vanishing on the boundary]| Let || -

| x,n and || - |lyo,q) be rearrangement-invariant function norms. Then
(5.1) ullyoy < CIVull xq
for some constant C, for every Q0 of fized measure, and every u € V3 X (Q) if and only if
1 rlel .
(5.2) nwr f(s)s™w" ds < Ol fllx 0,00
' Y(0,9)
for every nonnegative f € X(0,|Q]).
Proof. Assume that (5.2) holds. Let u € V{ X (Q). Since || - [|y(o,j) is an r.i. function norm, one
has that
(5.3) [ully(@) = [[u"lly©,a)-
By Theorem 4.7,
(5.4) IVullx@) 2 llnw,"s"" ™ (s)l|x 0,0

On the other hand, since lim,_, o u*(s) = 0,

12|
(5.5) u*(s):/ (—a'(r)) dr  for s € (0,]Q).

Inequality (5.1) follows from (5.3)-(5.5), via (5.2) applied with f(s) = nws/™"s"/"u*'(s).
Conversely, (5.2) follows from (5.1) on choosing a ball as domain €2 in (5.1), and considering
radially decreasing trial functions w in (5.1). Indeed, equality holds in (5.4) for any such w. O
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Theorem 5.1 can be exploited to exhibit the optimal constants in the Sobolev inequalities in
Vo 7 (9).

Lemma 5.2 Let 0 <p < q. Then

(5.6) | et < ( I so(t)d(t”)) ,

for every non-increasing function ¢ : (0,00) — [0, 00).

hSES

Proof. The change of variable t = 7'%, a =1, on both sides of (5.6) shows that it suffices to show
that

(5.7) | etwraee < ( I go(t)dt)a,

for a > 1 and for every non-increasing function ¢ : (0,00) — [0, 00). Inequality (5.7) follows from
the chain

(5.8) / T o()d(t) = o / (b)) ()t

<o [7(] tc,omdf)a_lso(t)dt
(/OOO @(t)dt)a.

Theorem 5.3 [Sharp Sobolev inequality in VOLI(R")] [Mal, FF] The inequality

1
(5.9) newn ||ull g ny < [[Vul| ey

holds for every u € VOI’I(R"). The constant nwj s sharp, although it s not attained.

Proof. If u € Vy"'(R"), then |u| € V;"'(R"), and ||Vul|pi@n)y = ||V|ull|z1@n). Thus, we may
assume, without loss of generality, that u > 0. By the isoperimetric inequality in R,

(5.10) nwi () = nwi|{u > 47 < PQu>t}))  for ace. t > 0.

Thus, by the coarea formula, inequality (5.10), Lemma 5.2, and equation (1.9)

(5.11) / Vu|dz = /Ooo P({u> t))dt > nwy /Ooo pa () dt

o0 o
S AT C) N v e

Inequality (5.9) follows. Next, given any ¢ > 0, consider the Lipschitz continuous function u, :
R™ — [0, 1] given by

1 if |2 <1,
(5.12) ue(z) =1 - B if 1 < 2| < 14

0 if|z[>1+e
Since |Vu.(x)| =1/ if 1 < |z| < 1+ ¢, and vanishes a.e. elsewhere, it is easily verified that

. V’u 1(Rn 1
i 190y _

e—=0% HusHLn’(Rn)

This shows the sharpness of the constant in (5.9). O



17

Theorem 5.4 [Sharp Sobolev inequality in V,"*(R"), 1 < p < n] [Tal, Au] Let 1 < p < n.
Then

(5.13) Cp, n)l[ull o @ny < VUl o)

for every u € V;"P(R™), where

1
7

(5.14) Clp.n) = wins (Z - ]19> ; (P(nr/](gz)rr(hinn;;)l/p)) 3

FEquality holds in (5.13) if
a
(b+ |z — o) >

(5.15) u(z) = for x € R",

-1
for some a € R, b >0 and x¢y € R".

Proof . By the reduction principle (Theorem 5.1), it suffices to prove the statement for radially
decreasing functions. The result for these functions follows is equivalent to the Bliss inequality
contained in the next theorem. O

Theorem 5.5 [Bliss inequality] Let n > 2, 1 < p <n, and let C(p,n) be the constant given by
(5.14). Then

610 e (e [“sorrma) < (o [T ropea)”

for every decreasing, locally absolutely continuous function f :[0,00) — [0,00). Equality holds in

(5.16) if
(5.17) f(r) =

v
(b+r)r!

for some a,b > 0.

Proof Approximation, scaling and normalization arguments allow us to assume that f is a con-
tinuously differentiable function such that

/00 |f'(r)[Pr" Y dr < oo
0

and

5.18 h Pren=lgr = 1.
(5.18) / o) T dr

Let g : (0,00) — [0,00) be a continuous function, such that

(5.19) / gy r"tdr = / g(r)yP Pl gy = 1,
0 0

Define T": [0,00) — [0, 00) by

s T(s)
(5.20) / fr)P et dr = / g(o)" 0" " do.
0 0
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Thus,

(5.21) g(T(s)) = T(s)™ % T'(s) 77 f(s)s7 ,
whence, by Young inequality,
(5.22) o1 1) = o Fo [ (B2) )]
< %f(s)p*_p:s”_1 [(n - 1)m + T’(s)}

Note that equality holds in (5.22) if and only if T'(s) = cs for some ¢ > 0. Integration by parts
and Holder inequality yield

(5.23) / F(s)P = (71T (s)) ds

- (p* - —*) | s m e ds

<(r-Z) [T rer el e i
<(r-%) (/ Fsy (s ds);'( | s ds);
= (P %)( glo)” o+ ldQ)ll(/Ooolf'(sﬂps”_lds);

3|“3

<p ) ( F(s)Psm ! ds)‘l’
d

Combining (5.22) and (5.23) yields

(5.24) % / g0 e do < ( / T sps ds) g

Inequality (5.24) continues to hold for any nonnegative continuous function g. Moreover, an in-
spection of the proof shows that equality holds in (5.24) if

T(s)=cs

for some and )

f/(s) = —k?f( )n pT( )p I = _kcp 1f( )n 7 gp—1

for some positive constants ¢ and k. Hence, we infer that equality holds in (5.24) if f is as in
(5.17), and hence ¢ has the same form, with a and b such that (5.19) hold. This choice of ¢ in
(5.24) yields (5.16). O

Theorem 5.6 [Sharp Sobolev inequality in V,"”(R"), p > n] [Ta2] Let p > n. Then

_ (P — I\ 11
(5.25) ey < 00 (B ) supp ()35 Ve
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for every u € V;"P(R™) with |supp (u)| < co. Equality holds in (5.25) if

u(z) = {a(bp—l — o — @l t) i |z — x| < b

(5.26) .
0 otherwise ,

for some a € R, b >0 and zy € R".
Proof. We have that
|supp (u)] .
fullimen =@ = [ (=Y (s)ds.

Owing to Holder inequality,

|supp (u)|
[ cwreas
0

lsupp (W), »
< (/ s ds)
0

1 /p— 1\
=nr ( ) |supp (u)]
p—n

(/Olsupp(u”(sif(—u*)’(s))Pds); |
(/Olsupp (u)l(sﬁ(_u*),@))p ds) 5.

supp (v)| 1
|VulP do > |VuX|P doz = / (nwg s (—u*)' ()P ds.
Rn Rr 0

Altogether, inequality (5.25) follows.

The argument above shows that equality holds in (5.25) provided that u is radially decreasing,
and fulfils

S|=

D =

By the Polya—Szeg6 principle (4.7),

() = JesT i s € (0, supp (u)))
( J(s) {0 if s > |supp (u)|

for some positive constant c. This is the case when u has the form (5.26). O

Theorem 5.7 Inequalities (5.9), (5.13) and (5.25) hold even if R™ is replaced with any open
subset Q. The constants in (5.9) and (5.13) are still sharp in the resulting inequalities, but, in
contrast with (5.13), the constant in the corresponding inequality is never attained if 2 # R™.

In the borderline case when p = n (and |2] < c0), one can show that, if ¢ < oo, then
(5.27) llul|Le) < C||Vul e

for some constant C' = C(|Q],n, p, q), and for every u € V;?(Q). On the other hand, inequality
(5.27) fails if ¢ = oo.
However, a stronger inequality than (5.27) does hold.

Theorem 5.8 [Moser inequality] [Mo] Let n > 2. Then there exists a constant C' = C(n, |sprt u|)
such that

nwn! " ()|

(5.28) 1 e(m) de < C
|sprt u| Jra -

for every u € V"™ (R™) with 0 < |sprtu| < co. The constant nws!

(5.28) fails for for any real number C' if nwy!™ is replaced by a larger number.

" is best possible, in that inequality
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The proof of Theorem 5.8 again makes use of the the Polya-Szego principle of Corollary 4.5, and
of the one-dimensional inequality contained in the next lemma.

Lemma 5.9 Let p € (1,00), and let

5.29 m, = su ed’(s)plfsds
( ) P p )
¢ JO

where ¢ ranges among all non-decreasing, locally absolutely continuous functions in [0, 00) fulfilling

$(0) =0 and [;° ¢'(s)’ds < 1. Then
(5.30) m, < 0.

Incidentally, observe that the quantity m, given by (5.29) remains unchanged if the class of trial
functions is enlarged to include also not necessarily (positive and) monotone functions ¢, provided
that ¢(s)? is replaced with |¢(s)|? and ¢'(s)? with |¢/(s)[P. This can be easily seen on replacing
¢(s) with [ |¢/(s)|ds.

Proof of Lemma 5.9. For each ¢t € R, define
Ey={s>0:5—¢(s)" <t},

and let
7

- (142t

From the fact that ¢(0) = 0, the Holder inequality and the fact that fooo ¢'(s)Pds < 1, we have
that

Cp

P(s) = </OS qﬁ/(r)dr)p <s for s > 0.
Hence,
(5.31) E, =0, for t < 0.
We now show that
(5.32) |E| < (cp, +2)t, for ¢ > 0.

Inequality (5.32) trivially holds if £, C [0, 2¢]. If this is not the case, then inequality (5.32) will
follow if we prove that

(5.33) 5y — 51 < ¢pl

for every s1, s € E; satisfying 2t < s1 < s5. From the definition of E; and the Holder inequality,

s —t < </81 d)/(r)dr)p < 31(/51 ¢/(T)Pdr)p_1 < s (1 — /OO (b/(r)l’dr)p_l.
0 0 S1

Thus,

(5.34) /oo & (r)Pdr < 1— (1 - i)p_l |

s1 S1



From the definition of E;, the Holder inequality again, and (5.34),

32—t<(/ &(r dr+/ & (r )

< sf% ( ¢’(r)pdr) : + (82 — 31)171’ ( N d)’(r)pdr) p]
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Therefore,

/

p

(5.35) 27 <

Y 2

Set M = 2L and z =1 — i Then, 3 < z <1 and (5.35) can be rewritten as

1 1\p
I

(5.36) Ml —2)+2z< (1+Mp (1—2)7(1—2"1)p)".

The convexity of the function 7~ 77 entails that, for A € [0, 1],

1
P’

(5.37) 1+ M7 (1—2)7(1—22)5) < (1= N7 4 NP M1 —2)(1 - 2ot
Choosing A = 1 — 22?1 and combining (5.36) and (5.37) yield

M < (1= —2 27242741 <
> 1 - i > Cp,
(1—2)(1 = AP (A —2p)51) 1= (1422075

whence (5.33) follows.
The Layer Cake principle and a simple change of variables imply that

/ e 9 ds = / [{s >0:g(s) <t}[e"at
0 —00

for every measurable function ¢ : (0,00) — R. Thus,

/ e =3 s = / |Eile”dt < ¢, +2,
0 —00

where the inequality is a consequence of (5.31) and (5.32).

Proof of Theorem 5.8. By (1.7), we have

, |sprt u| ” ,
(5.38) / ot ) g / P @) g
n 0
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On the other hand, the Polya-Szeg6 principle (4.7) tells us that

|sprt u| ) ) 1/n
0

Owing to (5.38) and (5.39), inequality (5.28) will follow if we show that, for each a > 0,

1 @ 1/n n!
5.40 sup — eneon ™ gg = m,,
(

v aJo

as 1Y ranges among all non-increasing locally absolutely continuous function ¢ : (0,a] — [0, c0)
such that ¢(a) = 0 and

/Oa (nw}/”sl/”/(—d/(s)))nds <1
Given such a 1, define the non-decreasing function ¢ : [0,00) — [0, 00) by
(5.41) o(t) = nwl/™p(ae™?), for t > 0.
Note that ¢(0) = 0. The change of variable
(5.42) s=ae"

gives

/ T dt = / (s (g () ds < 1,
0 0

/ T o gy — L / o o) g
0 aJo

Hence, equation (5.40) follows from Lemma 5.9, since, for each fixed a, the class of functions
appearing in definition (5.29) agrees with the class of functions ¢ given by (5.41) with 1 as above.

and

The sharpness of the constant nwy'™ in (5.28) can be verified on testing the inequality on the
sequence {uy}ren of radially decreasing functions defined as

l/n/ . —
:wT if || < e k/m
uy(x) = %log (ﬁ) if e7P/m < |z <1
0 otherwise .

6 Relative isoperimetric inequalities
In this Section, €2 denotes an open set in R™, n > 2, having finite measure.

Definition 6.1 [Isoperimetric function] [Mal, Ma2] The isoperimetric function I, : [0, |Q]] —
[0,00) is defined as

(6.1) Io(s) =inf{P(E;Q) : ECQ,s <|E| <|Q]/2} for s € [0, (€2]/2],

and Io(s) = Io(|] — s) if s € (]2]/2, ).



23

The very definition of I leads to the relative isoperimetric inequality in (2

(6.2) Io(|E|) < P(E;9Q)

for every F C (.

The function I, is explicitly known only for special sets €2 (e.g. when  is a ball [Cil]).

The next result ensures that, whenever 2 is connected, inequality (6.2) contains nontrivial infor-
mation, in that its left-hand side is strictly positive if 0 < |E| < |©|/2.

Theorem 6.2 Assume that €) is connected. Then
(6.3) Io(s) >0  forse(0,]9]).

In view of applications, quantitative information is needed on the isoperimetric function Io. A
basic result in this connection deals with the case when (2 is a Lipschitz domain.

Theorem 6.3 Let () be a connected Lipschitz domain in R™. Then there exists a constant C' such
that
(6.4) Cmin{s, |Q — st < Io(s)  fors € [0,|Q].

Combining (6.2) and (6.4) yields the following relative isoperimetric inequality on any con-
nected Lipschitz domain €2 C R™:

(6.5) C'min{|E|, |Q| — |E|}» < P(E;Q)

for some constant C' and for every £ C ().

For Sobolev functions which do not vanish on the boundary of their domain, no n-dimensional
symmmetrization principle in the form of Theorem 4.4 is available. Nevertheless, an inequality
involving the signed one-dimensional rearrangement of v and the isoperimetric function of 2 holds,
provided that €2 is connected.

Theorem 6.4 [CEG] Let p > 1. Assume that Q is connected, and that uw € VI?(Q). Then u® is
locally absolutely continuous in (0,|Q)]), and

IVullze@) = [Ha(s)u ()] Lo, a-

Corollary 6.5 Let p > 1. Assume that Q) is a connected Lipschitz domain, and that u € V1P(Q).
Then u® is locally absolutely continuous in (0,|S2|), and there exists a constant C' = C(2) such
that

(6.6) HVuHLp(Q) > C|| min{s, |Q] — 8}1/n’ UO/(S)HLp(oJQD.
An analogue of Theorem 6.4 in arbitrary rearrangement invariant spaces holds.

Theorem 6.6 Assume that ) is connected. Let X () be a rearrangement-invariant space, and
let w € VIX(Q). Then u® is locally absolutely continuous in (0,|Q|), and

(6.7) [Vullx @) = [[Ta(s)u® (s)||x 0,00
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7 Sobolev inequalities for functions which need not vanish
on the boundary

In this Section, {2 denotes a connected open set in R", n > 2, having finite measure.

Let X () be an r.i. space. Recall that, according to our definition, a function u € V!X (Q) if
|IVu| € X (). This assumption does not entail, in general, that u belongs to X (2) as well, and
not even to L'(€2). Examples of domains for which V12(Q) ¢ L'(2) are, for instance, those of
Nykodym type [Ma2, Sections 5.2 and 5.4].

Figure 1: Nikodym example

However, if Io(s) does not decay at 0 faster than linearly, namely if there exists a positive
constant C' such that

(7.1) Io(s) > Cs for s € 0,1,

then any function v € V!X () does at least belong to L'(Q), for any rearrangement invariant
space X ().

Proposition 7.1 [Condition for V'L'(Q) C LY(Q)] Assume that (7.1) holds. Then V1LY(Q) C
LY(Q), and
C

(7.2) 5

1
u—— [ uwdx

< [[Vullpia
92 Jo “

LY(Q)

for every u € VIL(Q), where C' is the same constant as in (7.1).
Proof. Let med(u) denote the median of a function u € M(Q), given by

med(u) =sup{t e R: |[{z € Q: u(x) >t} > %} (= uo(%))
We claim that
(7.3) Cllu — med(w)| 1) < [|Vullry o)

for every u € V1LY(2). On replacing, if necessary, u by v — med(u), we may assume, without loss
of generality, that med(u) = 0. Thus,

(7.4) Hue >t} < fort > 0.
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By (6.2) and (7.1),
P({usr > t},Q) = Io([{usr > t}]) = C{us > t}].
Therefore, owing to (7.4), and to the coarea formula, we have that
(7.5) el :c/ fus > t}] dt g/ P({us > 1},Q) dt
0 0

:/ / dH"_l(x)dt:/|Vui|dx.
0 OM {u 4 >t}NQ Q

Hence, (7.3) follows. In particular, (7.3) tells us that V*L'(Q) C L'(Q). Inequality (7.2) is a

consequence of (7.3) and of the fact that
1

u—— [ udzr

9] Jo

< 2|lu — med(u)|| 1)
L1(Q)

for every u € L'(Q). O

Under (7.1), an assumption which will always be kept in force hereafter, V1X () is a Banach
space, equipped with the norm

ullvix@) = llulloi) + VUl x@)-

We also define the subspace V!X (Q) of V1X () as

VIX(Q) = {u e VX(Q): /Qudx =0, }

The gradient rearrangement inequality contained in Theorem 6.6 enables one to reduce the
problem of Sobolev embeddings of V!X (Q) into Y (), for any r.i. spaces X(2) and Y (2), and
of corresponding Sobolev-Poincaré type inequalities, to one-dimensional inequalities for a Hardy
type operator.

This reduction principle depends only on a lower bound for the isoperimetric function I of €2
in terms of some other non-decreasing function I : [0, 1] — [0, 00); precisely, on the existence of a
positive constant ¢ such that

(7.6) Io(s) > cl(es) for s €0, %]

In the light of assumption (7.1), we shall require that

I(t
(7.7) it L0 g
ielo ¢

Theorem 7.2 [Reduction principle in V!X (Q)] [CP1] Assume that Q2 fulfils (7.6) for some
function I satisfying (7.7). Let || - [ xo,0) and || - |y, be rearrangement-invariant function
norms. If there exists a constant Cy such that

/tIQI % "

for every nonnegative f € X(0,Q|), then

(7.8) < Cu 1 f 1 x 0,0

Y(0,]92])

(7.9) VIX(Q) = Y(Q),
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and there exists a constant Cy such that
(7.10) ullye) < Co ||Vl x g
for every u € VIX(Q).

The Sobolev embedding (7.9) (or the Poincaré inequality (7.10)) and inequality (7.8) (with
I = Ig) are actually equivalent in customary families of domains 2. Loosely speaking, this is the
case whenever the geometry of () allows for the construction of a family of trial functions u in
(7.9) or (7.10) characterized by the following properties:
(i) the level sets of u are isoperimetric (or almost isoperimetric) in 2;
(ii) |Vul is constant (or almost constant) on the boundary of the level sets of .

A basic case when this situation occurs is when €2 is a Lipschitz domain, or, more generally, a
John domain.
Recall that a bounded open set €2 in R" is called a John domain if there exist a constant ¢ € (0, 1)
and a point xg € ) such that for every z € ) there exists a rectifiable curve w : [0,1] — €2,
parameterized by arclength, such that w(0) = z, w(l) = zy, and

dist (e (r),0Q) > cr for r € [0, 1].
Then we have what follows.

Theorem 7.3 [Reduction principle for John domains| Assume that Q is a John domain in
R™. Let || - | x(o,0) and || - ||y, be rearrangement-invariant function norms. Then the following
assertions are equivalent.

(i) The Hardy type inequality

< G [ fllx, 0

(7.11) ‘
¥ (0,0)

holds for some constant Cy, and for every nonnegative f € X (0, [Q]).
(ii) The Sobolev embedding

(7.12) VIX(Q) = Y(Q)

holds.
(iii) The Poincaré inequality

(7.13) ||u||Y(Q) <Gy ||VU||X(Q)
holds for some constant Cy and every u € VI X (Q).

Proof, sketched. One can show that

Io(s) =~ sw  for s near 0,

for any John domain. Thus, by Theorem 7.2, the Hardy inequality (7.11) implies the Sobolev
emebdding (7.12) and the Poincaré inequality (7.13). The converse implications follow on choosing
radially decreasing (compactly supported) functions in €. O
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Given a rearrangement-invariant function norm || - || x o)), we define || - ||x,...c0,) as the
rearrangement-invariant function norm whose associate function norm is given by

s™w /0 f*(r)dr

for f € M(0, Q). The function norm |[-[|x,,,., a1 OPtimal, as a target, for Sobolev embeddings
of V1X(Q).

(7.14) 1f x5, 000 =

X7(0,1€2))

Theorem 7.4 [Optimal target for John domains]| Let Q and ||- || x(o,o)) be as in Theorem 7.3.

Then the functional || - || x; (00, given by (7.14), is a rearrangement-invariant function norm,
whose associate norm || - ||x,...0,q)) satisfies

(7.15) VIX(9) = Xjorn (),

and

(7.16) [l xy0mm(2) < Cl[Vullxq)

for some constant C' and every u € V} X (Q).
Moreover, the function norm ||| x,,..co.j) s optimal in (7.15) and (7.16) among all rearrangement-
invariant norms.

Proof. Owing to Theorem 7.3, inequality (7.16) holds if (and only if)

12|

(7.17) F(s)s™ ds < C S llx 0,10

t
XJohn(():lQ‘)

for some constant C, and for every nonnegative f € X(0,|Q2]). By the very definition of the
associate norm and by Fubini’s theorem, we have that

€2
(7.18) sup f(s)s™w ds

11l xc0,10p <1

t
X(]ohn(()vIQ')

) 2 )
= sup sup / g*(t) / f(s)s™w dsdt
0 ¢

<1 <1
I£llxc, 1=t lgllx;  (o,10)<

2] s
= sup sup / f(s)s™w / g (t)dtds
0 0

<1 <1
||gHXL/]0hn(07\Q|)_ HfHX((),|m)_

s;’/ g (t)dt
0

= sup
||9“xjohn(o,\gz|)§1 X'(0,12])
= sup ’\g’\xgohn(o,\g|) =1

<1
lgllxr  (o1an<

Hence, (7.17) follows.

It remains to show that the function norm || - ||x,.,.(0, ) is optimal in (7.17). To this pur-
pose, suppose that|| - ||y, is another r.i. function norm such that (7.15), or (7.16), holds. By
Theorem 7.3 again, this is equivalent to

€2

(7.19) f(s)s™ ds < Cllfllxoe

Y (0,2])
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for some constant C, and for every nonnegative f € X(0,]€]). Via a chain analogous to (7.18),
one can deduce from this inequality that

s_nl’/ g (t)dt
0

for every g € Y'(0, |©2]). The last inequality is equivalent to the embedding Y (0, |©2]) — X7,..(0,]€2]),
which is in turn equivalent to Xjona (0, [2]) — Y(0, |€2]). This shows the optimality of X;on, (0, [€2]).
O

<C ”g”Y’(0,|Q|)
X'(0,190)

We conclude this Section by presenting a few Sobolev embeddings on a John domain 2 (in
particular, a Lipschitz domain), which can be established via Theorem 7.3 or Theorem 7.4.

Classical Sobolev embeddings [So, Ga, Ni, Po, Tr, Yu|. Let 1 < p < co. Then

L"%(Q) if 1 <p<n,
(7.20) VIIP(Q) — < expL™(Q) if p=n,
L>(Q) it p > n.

Embeddings for Lorentz-Sobolev spaces [On, Pe, BW, Han]. Assume that either p € (1, o0]
and ¢ € [1,00], or p =1 and ¢ = 1. Then

Ln%’q(Q) if 1 <p<mnandqé€/ll, o,
(7.21) VILPA(Q) — < L% 1(Q) if p=mnand ¢ > 1,
L>(Q) if either p =n and ¢ = 1, or .p > n.

Here, L>>%~1(Q) denotes the Lorentz-Zygmund space associated with the r.i. function norm given
by

1
- —1 px*
(722) ||f||L°°’q(logL)71(0,\Q\) = ||S 1 (1 + ]'Og %) f (S)HL(I(OJQD

for € M, (0, |2]).
The target spaces in (7.21) are optimal among all r.i. spaces.

Embeddings for Orlicz-Sobolev spaces [Ci2, Ci3|. Let A be a Young function. We may
assume, without loss of generality, that

(7.23) /0 (ﬁ) < oo

Indeed, by (2.9), the function A can be modified near 0, if necessary, in such a way that (7.23) is
fulfilled, and the space V*LA(Q) is unchanged (up to equivalent norms).
If the integral

(7.24) / h (ﬁ) "t

diverges, we define the function H : [0,00) — [0, 00) as

(7.25) H(s) = (/O (ﬁ) nlldt) T e 0,
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and the Young function A, as

(7.26) A(t) = A(HY(t))  fort>0.

Then

(7.27) VILAQ) & LA (Q) ?f the %ntegral (7.24) diverges,
L>(Q2) if the integral (7.24) converges.

Moreover, the target spaces in (7.27) are optimal among all Orlicz spaces.
The optimal targets for V1LA(Q) among all rearrangement-invariant spaces can also be char-
acterized.

8 Higher-order Sobolev embeddings

Let €2 be an open subset of R™, and let m € N. We define the m-th order Sobolev space V"X (Q2)
as

(8.1) V"X (Q) = {u: uis m-times weakly differentiable in Q, and |[V™u| € X (Q)}.

Here, V™u denotes the vector of all m-th order weak derivatives of u. We shall also denote VOu = w.
Let us notice that in the definition of V" X (£2) it is only required that the derivatives of the highest
order m of u belong to X (2). As already observed in the case when m = 1, this assumption does
not entail, in general, that also u and its derivatives up to the order m — 1 belong to X (£2), and
even to L'(Q).

Analogously to the case when m = 1, if Q has finite measure and satisfies

(8.2) Io(s) > Cs for s €0, %},

then VX (Q) is a Banach space, equipped with the norm
m—1
(83) lullvex@ = > IVFull o) + IV ullx@)
k=0
Under (8.2), we also define the subspace V"X (Q2) of V"X (Q2) as
(8.4) VinX(Q) = {u e V"X(Q): / VFiudr =0, for k=0,...,m— 1}.
Q

A reduction principle for higher-order Sobolev embeddings and Poincaré type inequalities holds
in the spirit of Theorem 7.2.
As in the first-order case, this reduction principle depends only on (7.6), namely on the existence
of a non-decreasing function I : [0, 1] — [0, 00) and of a positive constant ¢ such that

(8.5) Io(s) > cl(cs) for s € [0, 2],

In view of assumption (8.2), we assume that I fulfils (8.2), i.e

I(t
(8.6) inf Q > 0.
te(0,|Q) ¢

In the remaining part of this Section, we assume that €2 is connected and has finite measure.
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Theorem 8.1 [Higher-order reduction principle| [CPS| Assume that 2 fulfils (8.5) for some
non-decreasing function I satisfying (8.6). Let m € N, and let || - |[x,op) and || - ||y©,qp be
rearrangement-invariant function norms. If there exists a constant Cy such that

[ ([ ) o

for every nonnegative f € X(0,|2|), then

(8.7) < G [ fllxqan

Y (0,920)

(8.8) VTX(Q) = Y(Q),
and there exists a constant Cy such that

(8.9) lully) < Ca 9"l
for every u € V"X ().

Remark 8.2 Under the assumptions of Theorem 8.1, the Sobolev embedding (8.8) and the
Poincaré inequality (8.9) can be shown to be equivalent. On the other hand, as in the first-order
case, properties (8.7) and (8.8) (or (8.9)) need not be equivalent on an arbitrary (typically very
irregular) domain. However, heuristically speaking, properties (8.7), (8.8) and (8.9) turn out to be
equivalent for m > 1 on the same domains €2 as for m = 1. Such equivalence certainly holds in any
customary, non-pathological situation, such as, for instance, on John domains, and, in particular,
on Lipschitz domains.

Remark 8.3 A reduction theorem in the spirit of Theorem 8.1, concerning the compactness of
embeddings of the form (8.8), is established in [S]|.

Now we are in a position to characterize the optimal rearrangement-invariant target space in
the Sobolev embedding (8.8), at least in the situation discussed in Remark 8.2. Such an optimal
space is the one associated with the rearrangement-invariant function norm || - ||x,, ;(0,0)), Whose

associate norm is defined as
1 s Sodr \™!
Nl / = || —— —_— *(t)dt
(8.10) o = |75 | ([ 15) 70

X(0,19])
for f € M.(0,]9)).

Theorem 8.4 [Optimal higher-order target] Assume that Q, m, I and || - ||x(o,q) are as in
Theorem 8.1. Then the functional || - |[x/ (0,0, given by (8.10), is a rearrangement-invariant

X,.1(0,0)) Satisfies

function norm, whose associate norm || - |
(8.11) VX (Q) = Xnr(),
and there exists a constant C' such that

(8.12) [ull X, 00 < C ||Vmu||x(sz)

for every u € V"X (Q).

Moreover, if 2 is such that (8.8) (or equivalently (8.9)) implies (8.7), and hence (8.7), (8.8) and
(8.9) are equivalent, then the function norm | - ||x,. ;o) is optimal in (8.11) and (8.12) among
all rearrangement-invariant norms.
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An important special case of Theorems 8.1 and 8.4 is enucleated in the following corollary.

Corollary 8.5 [Sobolev embeddings into L>] Assume that Q, m, I and || - ||x(, ) are as in
Theorem 8.1. If

1 Sodr \™
&1 ([ 57) Lo =
then
(8.14) VX (Q) = L*(Q),
and there exists a constant C' such that
(8.15) [ull @) < C[[V™ull y(q)

for every u € V"X ().
Moreover, if Q2 is such that (8.8) (or equivalently (8.9)) implies (8.7), and hence (8.7), (8.8) and
(8.9) are equivalent, then (8.13) is necessary for (8.14) or (8.15) to hold.

Remark 8.6 If € is such that (8.8) (eqiv. (8.9)) implies (8.7), and hence (8.7), (8.8) and (8.9)
are equivalent, then (8.14) cannot hold, whatever | - ||x(o, ) is, if I decays so fast at 0 that

ot =

Our last main result concerns the preservation of optimality in targets among all rearrangement-
invariant spaces under iteration of Sobolev embeddings of arbitrary order.

Theorem 8.7 [Iteration principle] [CPS] Assume that 2, I and || - ||x,q)) are as in Theo-
rem 8.1. Let k,h € N. Then

(8.16) (X, 1)1 (€2) = Xipin1(€2),
up to equivalent norms.

We now specialize the reduction principle to a few instances.
We begin with the reduction theorem for John domains.

Theorem 8.8 [Reduction principle for John domains| [CPS] Let n € N, n > 2, and let
m € N. Assume that 2 is a John domain in R". Let || - ||x (0,0 and || - |y, be rearrangement-
inwvariant function norms. Then the following assertions are equivalent.

(i) The Hardy type inequality

(8.17) ‘ /t1 f(s)s™ 1 ds

holds for some constant Cy, and for every nonnegative f € X(0,[Q]).
(ii) The Sobolev embedding

(8.18) VmX(Q2) = Y(Q)

holds.

(iii) The Poincaré inequality

< Cu [ fllx 0
Y (0,1Q))

(8.19) [ully o) < C2 IV™ul| (o

holds for some constant Cy and every u € V"X (€2).
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Versions of the above results also hold in a domain €2 in R", n > 1, equipped with a finite
measure v, which is absolutely continuous with respect to the Lebesgue measure and enjoys some
mild properties. A classical instance is that of the Gauss space, corresponding to the case when
) = R" endowed with the probability measure

n _ |z

dyn(z) = (2m)"2e¢” 2 dz.

The Gauss measure of a set £ C R" is thus given by
||

w(B) = a7t [T,

and the Gaussian perimeter by
P, (E)=(2r)"% / e dH ().
OME

The isoperimetric function Ign ., : [0,1] — [0, 00] in Gauss space is accordingly defined as
(8.20) Ignqy(s) =inf {P, (E): ECR", s <7,(F) <3} ifsel0,3],

and I(gn ,)(s) = I(rnq,) (1 — s) if s € (3,1]. The isoperimetric inequality in (R™,~,) then reads
(8.21) Py (E) 2 I ) (9n(E)),

where F is any measurable subset of R". The isoperimetric theorem in Gauss space tells us that
equality holds in (8.21) if (and only if) E is equivalent to a half-space in R™ . In other words,
half-spaces minimize Gaussian perimeter among all subsets of R" of prescribed Gauss measure.
In particular, one has that

(8.22) Imn ) (5) = s log% for s € (0, %]

Given m € N and a rearrangement-invariant space X (R",~,), we define the m-th order Gaussian
Sobolev space V"X (R",~,,) as

V"X(R",7,) = {u : wis m-times weakly differentiable in R", and |V™u| € X (R",~,)}.
One has that V"X (R"™,~,) C L'(R",,) for every rearrangement-invariant space X (R™,~,), and
hence the subspace

VI"X(R™, y,) = {ue VX (R™, 7,) :/ VFudy, =0, for k:O,...,m—l}

is well defined.
However, one may have

VmX(Rn7 'Vn) /i— X<Rna Vn)

in general. This is the case, for example, when X (R",v,) = L*(R",~,), or when X(R" ~,) =
expL?(R",v,) for some > 0.
The first-order reduction principle in Gauss space reads as follows.
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Theorem 8.9 [First-order reduction principle in Gauss space| [CP1]| Let n € N, and let
|- Ix(0,1) and || - ||y (0,1) be rearrangement-invariant function norms. Then the following facts are
equivalent.

(i) The inequality

(8.23) dr < Cilfllxq,

/ bf)

s /1 2

"V 08 Y (0,1)
holds for some constant Cy, and for every nonnegative f € X (0, 1).
(ii) The embedding

(8.24) VIX(R",5,) — Y(R™ 7,)
holds.

(iii) The Poincaré inequality

(8.25) lelly @y < Co VUl x@n

holds for some constant Cy, and for every u € VIX(R",~,).
A standard Gaussian Sobolev embedding in V1?(R™, ~,) tell us that, if 1 < p < oo, then

(8.26) VIP(R",7,) = LP(log L)% (R", 7).
In the limiting case when p = oo, one has that
(8.27) VES(R™ ~,) — exp L*(R",7,,).

Note that there is a loss in the degree of integrability between first-order derivatives of a function
and the function itself in the last embedding. Such a loss also appears in embeddings for exponential
type Gaussian Sobolev spaces. Indeed, if 0 < 8 < oo, then

(8.28) Viexp L°(R™, y,) — exp L%(R”,%).

Embeddings (8.26)—(8.28) can be established via the reduction principle contained in Theorem
8.9, which also ensures the optimality of the targets spaces among all r.i. spaces.

Specialization of (a suitably generalized version of) Theorem 8.1 to the case of Gauss space
easily leads to the following reduction principle for Gaussian Sobolev embeddings of any order.

Theorem 8.10 [Higher-order Reduction principle in Gauss space] [CPS] Let n € N,
m € N, and let || - ||x©1) and || - ||y be rearrangement-invariant function norms. Then the
following facts are equivalent.

(i) The inequality
1 1 m—1
m/ f(r) (logf> dr
(log2)? Js 7 s

holds for some constant Cy, and for every nonnegative f € X (0,1).
(ii) The embedding

< (i Hf“x(o,l)
Y (0,1)

holds.
(iii) The Poincaré inequality
HUHY(R",'yn) < (% vaU”X(Rn,%)

holds for some constant Cy, and for every u € V" X (R™, ~,).



34

A characterization of the optimal target r.i. spaces in arbitrary-order Gaussian Sobolev spaces
can be provided. Moreover, a sharp iteration principle, in the spirit of Theorem 8.7, for the optimal
r.i. target spaces holds in Gaussian Sobolev embeddings.

9 Sobolev trace embeddings

In the present section we assume that € is a bounded domain with the cone condition in R",
n > 2. Under this assumption, one can show that

(9.1) VTmX(Q)=W"X(Q),
for every rearrangement-invariant space X (€2), where

WmX(Q) ={ue X(Q): uis m times weakly differentiable in
and |V*u| € X(Q) for k=0,...,m}.

This follows as a special case of [CPS, Proposition 4.5].

When X () = LP(Q2), we denote W™ LP(§2) simply by W™P(Q2), as usual.

Given any d € N such that 1 < d < n, we call Qy the (non empty) intersection of 2 with a
d-dimensional affine subspace of R".

If

(9.2) d>n—m,
then a linear trace operator
(9.3) Tr: W™H(Q) — L'(y)

is classically well defined at any function in W"!(Q) via approximation by smooth functions. Here,
L'(9,) stands for a Lebesgue space on €); with respect to the d-dimensional Hausdorff measure
H¢. When d = n, one has that Q,, = Q, and Tr is the identity operator.

In what follows we present a reduction theorem for Sobolev trace embeddings of the form

(9.4) Tru: W"X(Q) = Y(Qa),

and for corresponding Poincaré trace inequalities. Here, X (€2) and Y (£)4) are rearrangement-
invariant spaces, and d, m,n are subject to (9.2).

An ensuing characterization of the optimal target Y (£24) in (9.4), and a related sharp iteration
principle will also be stated.

Let us preliminarily comment on assumption (9.2). Since X (Q) — L'(Q2) for any rearrangement-
invariant space, provided that Q has finite measure, one has that WX (Q) — W™(Q) for any
m € N and any such space X(2). Thus, by (9.3), under assumption (9.2) the trace operator Tr
is certainly well defined from W™X(Q) into L'(Q,) (at least), whatever m € N and X(Q) are.
On the other hand, dropping this assumption (in the case when m < n) would exclude Sobolev
type spaces built upon rearrangement-invariant spaces X (2) endowed with a too weak norm, for
instance L'(€2). Since we are not going to impose any restriction on the rearrangement-invariant
space X (€2), condition (9.2) has to be kept in force throughout.

The reduction principle for trace embeddings reads as follows.
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Theorem 9.1 [Reduction principle for trace embeddings| [CP2]| Let §2 be a bounded open
set with the cone property in R™, n > 2. Assume that m € N and d € N are such that 1 < d <n
and d >n—m, and let || - || x©1) and || - [[y(0,1) be rearrangement-invariant function norms. Then
the following facts are equivalent.

(i) The Sobolev trace embedding

(9.5) Tr: WX (Q) — Y(Q)
holds.

(ii) The Poincaré trace inequality

(9.6) [Trullyq,) < CLIV™ully(q

holds for some constant C1, and for every uw € WX ().
(iii) The inequality

1
f(s)s % ds

n
td

(9.7) ‘

< Cy ||f||X(0,1)
Y (0,1)

holds for some constant Cy and for every nonnegative f € X(0,1).

Remark 9.2 The statement of Theorem 9.1 is uninteresting in the case when m > n, since then
assertions (i)—(iii) hold for any rearrangement-invariant norms || - || x(,1) and | - ||y (o,1)-

Theorem 9.1 is the key step in a description of the optimal target space in (9.4).
Given n,m,d € N such that 1 < d <n and d > n —m, we call || - HXZZEL(OJ) the rearrangement-
invariant function norm whose associate function norm is given by

3l

s~ fr(r)dr

(9.8) I llxz, 0 =
0

X/(0,1)
for every f € M, (0,1).

Theorem 9.3 [Optimal target spaces for trace embeddings| [CP2] Let Q2 be a bounded
open set with the cone property in R™, n > 2. Assume that m € N and d € N are such that

1<d<mnandd>n—m, and let || - ||x@,q) be a rearrangement-invariant function norm. Let
|- llxm (1) be the rearrangement-invariant function norm obeying (9.8). Then
(9.9) Te: WX (Q) = X7 (Q).

Moreover, the space X', (Qa) is optimal in (9.9) among all rearrangement-invariant spaces.

An important special case of Theorem 9.3 is enucleated in the following corollary, which pro-
vides us with a characterization of the Sobolev spaces W™ X (€2) which are mapped into L>(€;)
by the trace operator.

Corollary 9.4 [Trace embeddings into L>] Letn, d, m, Q, and |||/ x(0,1) be as in Theorem 9.3.
Then the following facts are equivalent:

(9.10) To: WX (Q) — L®(Q);
(9.12) s~ [ xr0,) < o0
In particular, (9.10) and (9.11) hold for any rearrangement invariant function norm | - |/ x (1),

provided that m > n.
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A proof of Theorem 9.1 makes use of a two-step iteration method, which relies on the char-
acterization of the optimal rearrangement-invariant target space in (arbitrary-order) Sobolev em-
beddings in the whole of ) described in Section 8, and on a characterization of the optimal
rearrangement-invariant target space in trace embeddings in a special case, namely on hyper-
planes. The latter is just a special case of Theorem 9.3 corresponding to d = n — 1, and follows
from the special case of Theorem 9.1, which amounts to the following statement.

Theorem 9.5 Let ) be a bounded open set with the cone property in R", n > 2, and let || - || x 1)
and || - ||ly(o,) be rearrangement-invariant function norms. Then the Sobolev trace embedding

(9.13) Tr: WX(Q) = V(1)

holds if and only if the Hardy type inequality

(9.14) /1 f(s) s tads

< Ol fllxon
Y(0,1)

holds for some constant C and for every nonnegative function f € X(0,1).

A proof of Theorem 9.5 is based on an interpolation argument which makes use of Peetre’s
K-functional.

Remark 9.6 A version of Theorem 9.5 holds with €2,,_; replaced with 02, and the trace operator
on §2,_; replaced with the trace operator on 9 — see |CKP, Theorem 3.1].

A remarkable feature of the approach to Theorem 9.1 outlined above is that any composition
of Sobolev and/or trace embedding, involving an optimal rearrangement-invariant target space,
results in a Sobolev trace embedding whose target is still optimal among all rearrangement-
invariant spaces. This sharp iteration principle is the subject of the next theorem.

Theorem 9.7 [Sharp iteration principle for trace embeddings] [CP2| Let Q be an open
set with the cone property in R™, n > 2. Let k,h,d,{ € N be such that 1 < d <{<n,l{>n—k

and d > € — h. Assume that Qq C Q. Let || - || x(0,1) be a rearrangement-invariant function norm.
Then
(9.15) (X701 0(Qa) = X5 (Qq).

Let us now discuss some Sobolev trace embeddings for concrete spaces which can be derived
from the results of this section.
Theorem 9.3 , and its Corollary 9.4, enable us to recover standard trace embeddings for WP (),
for every m € N and p > 1, which tell us that
pd

Ln=mp () if m<nandpell, ),
(916) Tr: Wm’p(Q> — expLﬁ(Qd) if m < n and p= %7

L*>(Qy) otherwise.

n

Equation (9.16) collects classical embedding theorems due to Gagliardo [Ga] (1 < p < ™ or
p > =), Nirenberg [Ni] (p = 1, d = n), Sobolev [So| (d =n,and 1 <p < * or p > ™), Pohozaev
[Pol, Trudinger [Tt|, Yudovich [Yu] (d = n, p = ), Adams [Ad]|, Maz’ya [Ma2| (p = ).

<
n
m
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More interestingly, a specialization of Theorem 9.3 yields an improvement of the first two trace
embeddings in (9.16), which tells us that, if m < n, then

Lisa?(Q) it pe [l ),

9.17 Tr: W™P(Q) — "
(5-17) ) {L“’m*l(Qd) ifp=.

Observe that (9.17) actually strengthens the first two embeddings in (9.16), since Lt () &

= (€24) (unless p = 1 and d = n—m, in which case the two spaces coincide), and L>n " (Qq) S

expLm (Q4). Moreover, the target spaces in (9.17) are optimal among all rearrangement-invariant
spaces.

The trace embeddings in (9.17) are, in turn, a special instance of the following theorem, dealing
with optimal trace embeddings for Lorentz-Sobolev spaces.

Theorem 9.8 [Optimal trace embeddings in Lorentz-Sobolev spaces| [CP2]| Let n, d,
m, and 2 be as in Theorem 9.3. Assume that either p € (1,00) and q € [1,00|, orp=q =1, or
p=q=o00. Then

Ln—pifnp’q(Qd) if m <nandpell,*),
(9.18) Tr: W™TLPA(Q) — § L% HQy) ifm<n, p= ~and ¢ > 1,
L>(Qy) otherwise.

Moreover, the target spaces in (9.18) are optimal among all rearrangement-invariant spaces on
Qq.

We next focus on trace embeddings for Orlicz-Sobolev spaces. Let n,m,d € N be as in the
statement of Theorem 9.3. Let A be a Young function, and let m < n. We may assume, without
loss of generality, that

(9.19) /O (ﬁ) ﬁclt < 0.

Indeed, A can be replaced, if necessary, by a Young function equivalent near infinity, which ren-
ders (9.19) true, such replacement leaving the Orlicz-Sobolev space W™ L4(Q) unchanged (up to
equivalent norms).

If m < n, and the integral

(9.20) / N %) T
)

diverges, define the function H,, : [0,00) — |

o ()

and the Young function A,, ; by

Hy'(t) n—m n
(9.22) Ana(t) = / (M) Hm(s):—mds for t > 0.
0

S

The following result provides us with an optimal Orlicz target in Orlicz-Sobolev trace em-
beddings. Its proof rests on Theorem 9.1, and on a Hardy type inequality in Orlicz spaces |Ci4,
Theorem 3.5].
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Theorem 9.9 [Orlicz-Sobolev trace embedding with optimal Orlicz target] [CP2| Let
n, d, m, and §2 be as in Theorem 9.3. Let A be a Young function fulfilling (9.19). Then

(9.23)

LAma(Qq) if m < n, and the integral (9.20) diverges,

Tr: W™LA(Q) — o ,
L>(Qy) if either m > n, or m < n and the integral (9.20) converges.

Moreover, the target spaces in (9.23) are optimal among all Orlicz spaces.

In the examples below, we present applications of Theorem 9.9 to a couple of customary
instances of Orlicz-Sobolev spaces.

Example 9.10 Assume that either p > 1 and « € R, or p = 1 and o > 0. An application of
Theorem 9.9 yields
(9.24)

L7 (log L)=ms (Q) if1<p< 2

TI' . WmLp(logL)a(Q) N exXp Lnfm—a;n (Qd) 1fp — o and o<
exp exp L= ({q) if p=2 and a = ="
L>(Qq) if either p = > and a > =", or p > |

all the range spaces being optimal in the class of Orlicz spaces.

Example 9.11 Assume that p and « are as in Example 9.10. Then, one can obtain from Theorem
9.9 that

L7 (log log L) if1<p<2,
(9.25) Tr: W™ LP(log log L)*() — { exp (L#m (log L) ) (Qq) if p= 2,
LOO(Qd) lfp > % .

Moreover, the range spaces are sharp in the framework of Orlicz spaces on (2.

We conclude by pointing out that, although the target space in the first embedding in Theorem
9.9 is optimal in the framework of Orlicz spaces, it can be improved if the class of admissible
target is enlarged to include all rearrangement-invariant spaces. It turns out that the optimal
rearrangement-invariant target space in the first case of (9.23) is an Orlicz-Lorentz space, which
can be explicitly exhibited. We refer the reader to |[CP2| for this result.

References

|Ad] D.R.Adams, Traces of potentials II, Indiana Univ. Math. J. 22 (1976), 907-918.

[Au| T.Aubin, Problémes isopérimetriques et espaces de Sobolev, J. Diff. Geom. 11 (1976), 573~
098.

[BS] C.Bennett & R.Sharpley, Interpolation of operators, Academic Press, Boston, 1988.

[BW| H.Brezis & S.Wainger, A note on limiting cases of Sobolev embeddings and convolution
inequalities, Comm. Part. Diff. Eq. 5 (1980), 773-789.



39

|BZ] J.E.Brothers &W.P.Ziemer, Minimal rearrangements of Sobolev functions, J. Reine Angew.
Math. 384 (1988), 153-179.

|Cil| A.Cianchi, A sharp form of Poincaré type inequalities on balls and spheres, Z. Angew. Math.
Phys. 40 (1989), 558-560.

|Ci2] A.Cianchi, A sharp embedding theorem for Orlicz—Sobolev spaces, Indiana Univ. Math. J.
45 (1996), 39-65.

|Ci3| A.Cianchi, Boundedness of solutions to variational problems under general growth condi-
tions, Comm. Partial Differential Equations 22 (1997), 1629-1646.

[Ci4] A.Cianchi, Orlicz-Sobolev boundary trace embeddings, Math. Zeit. 266 (2010), 431-449.

[CEG| A.Cianchi, D.E.Edmunds & P.Gurka, On weighted Poincaré inequalities, Math. Nachr.
180 (1996), 15-41.

[CKP| A.Cianchi, R.Kerman & L.Pick, Boundary trace inequalities and rearrangements, J. Anal.
Math. 105 (2008), 241-265.

[CP1] A.Cianchi & L.Pick, Optimal Gaussian Sobolev embeddings, J. Funct. Anal. 256 (2009),
3588-3642.

|CP2| A.Cianchi & L.Pick, Optimal Sobolev trace embeddings, preprint.

[CPS] A.Cianchi, L.Pick & L.Slavikova, Higher-order Sobolev embeddings and isoperimetric in-
equalities, preprint.

[DS] R.A.De Vore & K.Scherer, Interpolation of linear operators on Sobolev Spaces, Annals of
Math. 109 (1979), 583-599.

|[FF| H.Federer & W.Fleming, Normal and integral currents, Annals of Math. 72 (1960), 458-520.

[FV] A.Ferone & R.Volpicelli, Convex rearrangement: equality cases in the Polya-Szego inequality,
Cale. Var. Partial Differential Equations 21 (2004), 259-272.

|Ga| E.Gagliardo, Proprieta di alcune classi di funzioni di pia variabili, Ric. Mat. 7 (1958), 102
137.

|[Han| K. Hansson, Imbedding theorems of Sobolev type in potential theory, Math. Scand. 45
(1979), 77-102.

[Mal|] V.G.Maz’ya, Classes of regions and imbedding theorems for function spaces, Dokl. Akad.
Nauk. SSSR 133 (1960), 527-530 (Russian); English translation: Soviet Math. Dokl. 1 (1960),
882-885.

[Ma2| V.G.Maz’ya, “Sobolev spaces with applications to elliptic partial differential equations",
Springer, Heidelberg, 2011.

[Mo| J.Moser, A sharp form of an inequality by Trudinger, Indiana Univ. Math. J. 20 (1971),
1077-1092.

INi| L.Nirenberg, On elliptic partial differential equations, Ann. Sc. Norm. Sup. Pisa 13 (1959),
115-162.



40

|On] R.O’Neil, Convolution operators in L(p, q) spaces, Duke Math. J. 30 (1963), 129-142.

|Pe| J.Peetre, Espaces d’ interpolation et théoréme de Soboleff, Ann. Inst. Fourier 16 (1966),
279-317.

[Po| S.I.Pohozaev, On the imbedding Sobolev theorem for pl = n, Doklady Conference, Section
Math. Moscow Power Inst. (1965), 158-170 (Russian).

[S]] L.Slavikova, Compactness of higher-order Sobolev embeddings, preprint.

[So|] S.L.Sobolev, On a theorem in functional analysis, Sb. Math. 4 (1938), 471-497 (Russian);
English translation: Am. Math. Soc. Trans. 34 (1963), 39-68.

|Tal] G.Talenti, Best constant in Sobolev inequality, Ann. Mat. Pura Appl. 110 (1976), 353-372.

|Ta2| G. Talenti, Inequalities in rearrangement invariant function spaces, in Nonlinear analysis,
function spaces and applications, Vol. 5, M.Krbec, A.Kufner, B.Opic and J.Rakosnik Eds.,
Prometheus Publishing House, Prague, 1994.

|Tr] N.S.Trudinger, On imbeddings into Orlicz spaces and some applications, J. Mech. Anal. 17
(1967), 473-483.

|Yu| V.I.Yudovich, Some estimates connected with integral operators and with solutions of elliptic
equations, Soviet Math. Dokl. 2 (1961), 746-749 (Russian).

[Zi] W.P.Ziemer, Weakly differentiable functions, Graduate texts in Math. 120, Springer, Berlin,
(1989).



