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NAFSA 10 o P Cue s & wee the f,mf@@w;ﬁanwldjupavfg Bsrpnubs
ng‘k) June  9-15, Zoiy (or fhe disegenee theorews) , which Cesds to e aadion of
grodvert i twe suee o dichibulion.  Aucthor approael is
GIOUB\MA{ Mert o define WP 2z the Completion of the g
Recrti®iasic HersurReS AND APPUCATONS € (o swooh) Pudions itk vespeel & the Sobslew
hovu “%H\M"P = ﬂ’ULllP+ IVl .
_ Assume  mow  that  yow wadt B defue WY on
MG_MWJ RY endawed  wite 5 messwe w whick & aof e

» | ebes meaguve  (or, mo mewlly, & mebiie Spaca
In trese to lecttres T culll explsin & Gw Regue ‘ C ) more G¢ Ly i p‘
Cudowed ot Sowme /meagwe). T Hue ese fhe ﬁv&f“

osnCis - cblabved u jout cooks il Horame appromele will st b wisle, cue b s lsek of o subble

C 5 L (Clieago , di Mavel oLpRI aud
,g""’VV\‘vj"J ( &?9()‘ frcen Horches (MP{ b lﬁ) M*%Véﬁm - bﬂ» pavte Formuls.
David  Reotss (1 (Wsvewiek )

, The secomd approsel, o the other hand , coil always (vl
These  vesufts  stewmed ?\fom 3 resesvell <tarTed Pen P ’ ! ) ’

Yeors 390 foee"“\/@v oo H, @&'&myei swd O. Beigs,
whew.  we  wwticd  thet He hililony of 5 bunck

b there (< an hiddew audtelty i Comsider 5 Caudiy
sequence (ww) of Suweotle fumctions (wleve ” Cauchy,,
refore o the Sekcley movm defned a2 sbee, ol

of (aba}oamt@ unwlsted| problens hsel the Same Gommon e U phe & the L@bgg%@ meacure); thew ot

et - (M) and (V) ave Cs uely =Lguones 1P, aud

Thns Ay plow is to stevt S‘rraa(g\,dr” away wif 8 Hheve fore. Con vevge & some s S39 AL and v,

list of  some of fese problews, sud fhon st ap the Now ane weuld ke G soy Wat v is te grediedt

Brame coork Loy the  gefutlom. ok M. Bt hew is 5 preblan: priveiple  <liffevent
sequencas  geverdliyg the same W may  gwe oliffereut v,

ebewd @ losalolfcty _of e _guadiewt opetor (Wt @ Whith  mneans that the grodiout of 4 is mot setysly

Singulsy_measuyes), well ~defired (ov, i youw prefas, tst tue Banach epaca.

As it is wel-Knoww, Hhee 2w mawy  (essentiblly eguivlest) WY Constructed #le Way is o vether Shohsch spaca)

Wways B define  Soboby spsms WYP o a opew. domin



Congder imdeed Hhe ﬁe(}wwiu% exswple: (w ig & mestwr
gwppcvfeﬁ o the Cauwtor set C W R, thew the enciant
Lumediion U=0  ocaw ke obbined os Guwt of the
(trioisl) equence Up=0 Yo, but slse of &, grow-
os Lol s

aud  se ow,,,

Wa\’ig, w\/%@'u\% E - QC"‘ where, eadt Cu is the
tnion @ 2" whevmls o Qughic /3% as ususl, thew
My is defowed btj 4 om Cu,
W e %.-\ on Cuw+ /3%

¢ eleewhere |
Che exsify cheeks st AL, is a @amcuy Sequauea
(i the Sobeler movwe ...} but Wy —> 4 Lf(p«)
for wey b (wombe MWe—>0, coutously).
Note st fhe Facdt that dhe Qundiioms ALy ave Wpseludt
aud mef  ewocte eau ke easity fixed, aud that
the Sowe Cmetvietlon oorke  witle sy amesswre L
supported  on auy totoly  disommeted compsel et
To patialer o could be takew alosolutedy,  Continuous
Wyt the Llelesgue meaurel

©

Iy e lauguage K Fundioms) Analyein, the pheno menon,
ilushvested bj the prevtows  exsmcple  csw ke veststed

lx_y Saying st the gradued (o devieiive) operstty is neb
clossble (Hove, peeiely ; 1f G ishe graph of fthe  graddedt
Opeusor from E* & 8%, vewed 25 a Subyet L?Gb)XLP(}m)/
fhew ths closure is mo Guger fue groph of @ Univalned
@p@a’ﬁw).

So, Hie prodew. avises of choneleveiug e messuves p
Eor olich e gmsu\e»d‘ Jevdley s Clossble.

To Mg vegavd , & aos conjedivved that € Hhe gradieut
is clossble thew L must ke abeRudely  @nttnucus
Wk Leleggue messuse (even though Hus condiion is

by a0 means aficied | ae fhe exswple above shows)
Thes  Comjedive is sty B prove Wk diwansin et

Tlogether  with H, C&’va@e& sud D Relss (e proved
this  Cmjective oy a2 (and fuis will be exphined
W detail ik Prese ledives )

M@v@@)«\a\r, Guy  Spprozcht Uogeww witle  austher vesult
Saneunes d Veeﬁu{z% bg M. ngw\gei aud Reter Jores

praves the Comjeive. W Sy ddmension m, .

Tn chher coovels we show st € K ois 3 mescove o

R met abetdely cmtianons it the Lebesgue mesguve,
thew  there existe & seguence 6f  Swoofh fuudios
(U)  suew et >0 wforwdy and Vi~ g0 “;“LPG‘“)-



@

Rewark
The  conjeclive. ahout clsalifly ehted abore is striclly
relvad o quetions il swiler Plavour  thst were
Considevd ot 5 cevteln Awemedt  itwin  Gler Communities.
Cue. s the Pollowiug: leb(£,) ke 5 sequence & Swooh
Anaps Bror (& boumded domain C@) R 6 R% cohick ave.
oy M% Wpgewts aud Comevge  UmiformQy G some swwatcf.
Theu i Rusww st the Jacobinw detevminsite

det (VA  Conveve weakdy o det (V)  (muore preeisely,
(,U@a\qejjw U Lad)‘

The sswe ke if we veplnce the Lebesjue imessure
o [ ot & mestuwe W oobudle I8 alagcﬁxtfe@
Contimucoune vk, the Le‘diqﬁa\e Ameasuve . But cohst ha ppens
1 wois aet 8c.?7 Are Hwere o, mot a.e., suelc

Hot  Hhe prepety above  shill ks ?

The sunswer, one again, Twne out B b2 NO.

(Agafv», By m=2 tus Lol s ey Lom the

ok of mwelf) .0 aud DR, Wi B a2

it requines fhe  veq 105 H.Co aud PT. mazoned

abawe)

Rrebleww, 2

Ronk-one pregedy. of deviwliues of BY mapg
Given 2 mep Wi R™— R® L) we soy that
woos o eless BV ((houmded Vaviaiom) 1@ ifs
dighvibullonal  devivsbive (graclient) s represedted by

a3 messwe gn R Witk yalues w mxw matiices, or

equinlentd

Duw = g p
where L is 2 positive  mieseuve on R aud g is s
densty itk values e mxn  maees  Sueltust

g#0 p-ae. (ad gel'(p).

“Thew d{eu_é)t(,mﬁ by fe the sigulsv pavt of it &
e have ot

yank (@(&)) =1 -@w Mg - ex

Te  oet has & asin technien) relemuce ; & cose
Con jectived bﬁ E. De Giovgrl auwd L. Ambresyy , sud
thew  proved by MmywI@ bsck 3.

Amoter  (hopfuly simper) preef will ke giveu kelow,

%U€w3 Extewsion dﬁ %d&@cv\fw theorew. & messipes
dileyout fvom the Lebegugo‘ ANERSUYe

As e all Kiow, Radewscher theorew. stotes Hish a
Upsetatt  Pumdtion on R™ is  diferewlicble a.e. )

aud  7a.e, refers o the Le besgue  mezsuve,

But  cohst wappeus f e repha e Lebesjue
messme  withe anothey  Mmeasuve

Of couvse, € i is ac wvh &% Hew Radowneher
Theorem stil hefds , but cohat € W is sigulsv ]

Tt i Qany & give examples  of Singular /YY\C:‘,&S(JLV&@\}&.
Lov wmien Rademacher theorewe Laile, but are thew
Some  Lov colie it Welds ?



The anscoer 18 always megstive ; Hug s easy b pove
Wl dimeusion M=1, s due te [ACP] for m=z | aud
is extouded B eevy dimeusion thauks b [cT].

Acually, W te ﬁo(ﬁwmiwj Coneider d vefmed Version of
'%g problew. , mamedy gven a ¢ PO%”Q\B S\\/\@UJ&V‘) AMERSUNE,
o, kow should  we medify ne  sistewedt of Rademadies
eoeu  To meke & true ?

Let me give au exawple: if E is curve of cless

€' o B (inbended 55 & subwewild, met o paraumalizalion)
and W is the lewgh measwe on £, thew it is easy
o show (using a pavsmetritalion aud Radewscher thecreus
e one warisble) st

¢ ey lpsehity Quaddion 1 R™ >R s difereutsble
t-a-e. v e diedion Tmaxwh‘a(), b =,

o the previous vesult s optimdl, . the somse Hhat
there exicts a [ipzehits € sucl st af f-die.x
fis mat differeuliabl Ay Qvection U Culich
e wet ff"omﬁ%ﬁsf & £ (uf x), foake fon Exawmple.
Pooot = isk(x,E).

e will we that 2 similr  stotemed kolde Sy sin
Avbitvavy messue (1, givew the “right, motion taugeuisl
bundle (@r a measue),

This is actualy the coe & tese Gompes,

©

Belore. slortig ot de@nilions, 2 Pew commeute,

The theory T am goig o expbin can ke developed

by keeping  the feeus on  (siguler) messures or on
(Lebegue null) sets. The lstter apsrosel. gives vesolfe
that  sve, in ome sene, o preeise , and thig (s
exectly the apposch  Pollowed by [AeP].

Cn e ey hand  fue Bovmer Bpproach s in > wsy Slupter
and is the one I will Lollow W Hus Qotiwe, sud it g
puvaued by vngge,QfZ aud W)\t} (Hes) PUD student fucres
Mavcbese  Laged on e previons  Coork, l:y [4er],

Let  wme quickdy exploin - whst mmay ke the diflvarce
ketweew “sete, aud Zmeasves, itk an exawple :

let R, R, ke Bowl sefsw R™ awd &t Q)f?_
ke lipsnts  fumelims on R™ s+, £ is aot
ddferedicble st auwy  penit of A,

Can we Hew Conshuct = Wpselify Humelion £ coluick
s wet difereutizble on 0,00, 7

I8 goo fwk  about it, yow will soon reslize that the
auswer s not Gmmedistedy ges, and aclially s
ot that (st least R me, Suwrprisingéy) the ansuwes IS Mo,
Cuw e oher hanel, if you dssume that L. it ust
differentizble ot p-ae. poict £ A, aud (ook Eor
s £ whick ie mot differentisble st p-a.e. powt of
A, VA, o ¥ is ou €zy exevcise (b shkow that
2 roudom Cnesr combinstim £ = ouf+ cwf, will dol
(vaudom covt. the Lebesgue. mmeaswe on the s fsll



(&,0) € fo, 117, s @«aw,ff\a).

Refevences
[ACP) = (. lbetc- H.Cs&myei - D Preiss -
Mswy reqults  Qsve been desovted 0 twe Suvey papers
Straelivve @ mull sots ua the plane sud applicaliims, w
"Roceedings £ e 4h ECH,, Euvopoat, Mot Sec.,
Llirich, 2005
DiffeeudisbiCty §f liptlity fucions, Structre o€ nul
sets, aud othev probews , vy “Froceedings ¢f the
Teh 2010, | lindastaw Book Agauey, New Dels , 2010.

The  main popar s been postponed @ many yesrs,
due to the (suspeched owd mew @m@rmed) suboplimslity

of cevtsin defimliong. T poimt has beew Clavifred
only veautly , Hanks ©  Andies Hohee .

LAK] =G. Albetd - Andres Yoreliese .
On e differeidialitity of Upelute Pumckims  witle

reepect (b messwes on the Erclidesw spsmo.
This popev  shou@d le Complefed Soow.

[C/J] = M, Csé‘;vnyek Tetev Jones .
Ther vesult has @Ng been awnounced
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2. Decorapenaifity bundle
As pointed  eut before , our purpor s to \,‘demiﬁg , &
8 given. /Mmesswre M on R™ ( Guite, positive, Borel..)
aud Bor praex, fhe lavgest  possible set of  cuveclims
V(e such that every  lipselite fluetion £on R is
difleveiiable, UL oevy  cliveatiin  ui \/(}A,x) for p-a.enx.

Ler us bogin by o siwple remsk .
Asswme st o is g e form

(®) b= fogp e

wheve  T:=[o,i] aud dt stonds Lo the lebeggue  Mmeague.

ow T, eaclk P8 s He Qugth Mmeasuve on Some curve

Ee, aud the witegral abore mesns that ()= j;:[ (t(e)dﬁ

for evey Borel ot E.
Psswme  miocover thet Huere exicks & (Bovel, umitary)
vednrfleld © s,

T is tougeut to Ee ol %

Cov a.et aud VR
*

Thew @ is (wmmediste Hhst every  (pschity Aumettion £
is difevadishle at x wv the diuedion zoy ELor h-oue X,
Indeed F is diferadicble . due divediim 7.6
Towgent 1o E, atx Ror p-aex sud eery t

Bor B-aex swd set; aud Rinally we uce

|ttt 7 e aud acet, mesus “Yp-a.ex .

| (o3 alveady poited out before) , moeater C6)=256)

@

Toe previens cbeyvmtim suggeste That the bundle V%)
we are (ooking for should be velled (b ol possible
dewmposiions € . (or “pats € p,) @8 Bbove.
Hove pecicely  we weuld @ke & defiue V(%)
a3 e sSmollest  Geati gpace  suel thet

\/q:L,x) contains  Tou(Ey %)

for h-a.eox aud a.e.t
fov eevy decomposiin of o ds skove.

Nowo , as wyittew tuis de@udizn dees mot mske seuse,
kecsue ife poitwite ue malive | wiile there are foo
mewy  “z.e., dvound. Mowover it i Jr/@el/tmjcalkg Canveniout

to cevsider o lavgm/ elase f C{%VMPOSECL'W-

We meed teefore b Wive due Some motsion.

Rectifisbe auwd puvel) wavectfialle sefs

(e say that =2 (Bovel [) sot E cR™ is pectifiable if it
e Qute Qength ( H'(E)<+x) 2ud Ezg; Ew.  Cohere
o Eo is Olnull Cheve ' is He <-dimersion
Howsderfe /measuve oz the ¥ Qugte , messuve);
o €ach £, itk M>o is contolned wr the Cwsge
£ = Lpseitr  pat 7, ¢ T Cudennl) —> IR™
I con ke showw Mot i defuilion vemsime Hhe some
€ we replce the =eamd Comdilion by
°© each Ew s Contelned W o euwve G f
cles €' Cutended ss o submenileld & R*),



Hoveover 2 rechifisble st E adwits o fam@@ud’ bundle
TawlEx) w the e@(mwn\/\g wesk senwe: TewEx)is
3 bine forr evey xeE, aud for evevy cuvve € ¢f
class €' e e

Teue (E %) = Taw(c,x) £r Hoa.o.xe EnC.,
This popalies deulify the hundle Taw ) uniquefy
Cup & o B'cnull sidoget & E), owd f cowrse tus
(eak tongeut lbundle  agrees with the sl one
E s & ewvie F elass 1.

Finally we esy et 3 @b B is  puvely unveeti@isble
g H(Enc)=o & avery  cuve C of eles €'

1 teud & piciuve  reclifieble sefs as  Ladle winions
of euvoes, bt be awere st fuey csu ke vather

Wwild | Lor exawple E = UL, chewe esch T,

is 2 segmed o Gughe bt mest 2 " ehesen un
suel & oy st e /mckpomjrs X and the divectiong
zn ave dene (W R"x R'W‘)

An ecowple of puredy unrectiole st (il pesitie
Cougtiv) (s twe follo wig  Coler type web wl He phpe
7

A Ve

s
4 gt T E= NEw
S I

wheve each By is the Wmion

o LN squeres wit side-Bugtl.
VLY, as e the pietite ,

E”ﬂ I
o k4

®

IM&@QA & ean Io\? Shecon 'H/\é'} ,H‘(E) >@, and 1€ pwehj
unie dioslle st 1s

NEnC) =0 por ey cuecd
clags @', Iudeed

we con reshict b te cae C isithe
9VEP‘M (i 3 @i EUMGXQM Y= YGe) (Cfl/“ X“X@))] aud

Wiene) = § (yldx

TwENT)
T = projectiion
on the X axic <] Wk =0
. TCE)

A becsuze. THCE) hag

measuve O,
Qc’ﬁ)@\lﬂ s ayguw\eaﬁr Shows  Hhat Cvevy 2 E CR?

with  mail PYG’JQ‘%WS on Phe axes Camg e

oxes, aclually) is puvely wnreelifiable, aud this
class of sets Uicludes sefe Wit duimession wpls 2.
CineBucled )

For  mmore defsils about reetifiable and puvedy
Wwnreeiioble wts  wee, e.9., [Kvavd’& % Faviks |
Creometvic l}/\‘fifigva\l‘;ow ”W.(:z@\\/t) ] or [Hﬁvgau_: CGevmelric

Measure ‘ﬁ/leazg , @ begner’s Q’uchle,].

Luteastion of _measures

By mmessuve e ususlly amesw & positite mmesse on
the Sppro priate Bovel S-dlgebrs ; and we uswally
assame that it is Gute (&%aud A betug two K the
oo Cxapiims). Civew » Boniy (M) of such

measwe (say, om R™) with te Tialei], we would



G

Che G defue p={ pdb by
(e) = fxf“é(g) & for ey Bowl st £ wRY,

Tor the definilion to mske e (aud for w to ke
g’,wgtq,) ( P-“g) et acm;s\ky satc‘s@b Some addilions!
WV@,MQ&+S:

o t > Ptv@:) is Bovel v evevy £

o b iy = pCRY) Was Riuile udeguel,
Bt e wont verify these propeties i the @@Uﬁ)wwjm.

Tn priveiple e o consider o move genaval povameter
space. 1L aud & ymore gensvsl messure dt (and twe
will sometimes do & wcthe fellotoing) bt veel st
by 2 suitoble vepsrarmetriastion  we ean slwsys reduc
te te e T = [o,i] ond db= Lelaey;gu@_ meas, ol
(st Cepst @ awy reasomable choice of L aud db),

Defiuition of de ompositity_bundle
[Let i ke 3 mescwe on R™,  Let thew "Eﬁu lse,
the elbss of all fomifies () as skoe sueh Hist
o €ael B s the vestrickon € N b
seme veelu@oble @t Eg
o "SI.% db is sbsfidely cmitiauons wwit, o

Let ey %» ke twe claes o all Rorel /mops
x> V&) wheve V&) s a solkepac f R™ Suel
+hat

©

o Tow (Br,x) € V&) for Be-aee. X (that is, Hliae. ek )
and  a.e.t.
Thew gj 8 adwits an  e@mont X V) colucl, is
midinal vt wclusion w-ace. Cietis ;) for every
XVE) e %}L theve heRds V) < V) Lor p-a.ex).
Tis  minemsl element s Widque (up bo & u~mull get)
Mmd  we eslk it deegmresabfezﬁj bunelle o W,

d@udise.ei s Vi)

Rewavk  (Uhen we sey that X V69 is Bovel | (e
teud & 22 & mop from R™ fo Hhe spa Gl
gives by the  Ctopagically digjoint) union & fhe
Grassmomnishe G, k) it R=0 e, it

The  existence oud wiiqueness K the wminiwa)
lement of @Jf"« s & consequence Of e @)U@Usfu@
lewms ¢ let & be 3 fowily o maps X V) € G
(Bovel amape, ¢ couree) which is cleged Umder countsble
wWitevseetlon Cthat is, 1f x> V& foe(,ovugs to FT)) fov
ey M= 1z, el slso xi— Q\/M_CX) eleugs to £ ) j hew
G 2dwile s minumal element , coll e is Wi e

(o the seuse specified sheve).

We can now stste cur main recult COM@emwﬁ
e e&{ffeveuﬁbbﬁl’b ¢ Upselits funelions wonh R
(see [PH1):



Theovreuwd (Redowacher Theovewe. G AmeRsures. ) Ow the other hand, by & siwilay surgument we have fhat

Let foaud Xk V(yk,x) be 32 abae. |hew

(o) e V() o -a.e.x ag well , aud the proof Is

(i) For Quevy Wpelutz Eumelion €1 Ry R and
P-zex , £ s differedisle of X vt the plane
Vi, et s, the fottowm% Ist order Taylor
expawsion  hekds ¢

Powd) = €60+ d B+ & + o(14])

where &P Cthe differeatssl of £ ot x waut Vi)
is & lhesr Quaetim Gom Vi) b R

(i) Moveover the previows erstement is sharp, ux
the Seuse fhst there exisk E£iRMS R Upgcm.m ek
fast , for p-mex aud evony ¢ V) the portisl
devivstive %}\‘2 6o cdoes wet exists,

Thie theoreuwr will ke proved later.

Now T will lietead amake some Commedts on Hhe

previcus ststemeunt (aud Cle{)@miﬁlfm)‘

Rewarke
1) I8 w=@", tew V(x) =R v paex

Considev Cov eim ?"Q”G“bﬂ the esee ms2, One de@myo&ll’.&m

/ (yes,I kuow, it's wat Panike...)

e the lebesgue rmeseuwe o is o= z;éu dt  whee
pé i= the Qughe meaawe of Pe bovticsl, tne R passig
torougl (B0). (T is just Fubini’s Thearew )
Ths (o) € V(o fov prae.x.

Concluded.,

(@) If o is sbsclutay cont wut " (1&Z ™) thew Vux)=R"

Cov prae.x az welk, Tws Bluoooy @‘e)xuv Rewavk () and

the Q@UDwL\Lg ”7 [(Dcau@ princigle,, (which is not havd (o prove):

i L p then \/(@,x): V(ex) for 'plin-a‘e. X,

() L€ o is the reehiclm of the K- dimaunsional Hausdorff
mesguve B B a2 k- dimowsiohsl suvfae @ P elase £ ,
thew  V{E,x) = Tow(s,%) Lor Roceex (hat s, Hae.
xe S). TThe avgument o prove the wicthsion Viux) Tau(y)

s a wriawt o€ fhe one w Rewavk (i). 1o pvowe the
Opposie, Unfusion we Mmeed b show st Guew
a Pouily (pg) w Fpu, thew Taw (B ,x) < Tan (54
Corv f-oue.x Cthat i, H-ae xe Be). Tuis i »
Consequents e e @e-{mwm\% J(Oad’: € E iz a
reetiGable =t aud S 2 k- swfber, tivew Tow(E %)
C Towlsw) for H'-ae xe EOS, Aud acluzlly

t sufficas b preve tuis stsfement whee £ s

s cwe of clss @') and e Lollaws oy +the
Cact Hhat  conen Tou (€,%) ¢‘T‘m~(@,x) , thew x is

an  isfatid pot of ENS (oud frerefore the st
of all suew peivk is ot most countable ; aud hewce

AU vwdk) .

E inlevsedt S
transverga

= ENS sdrele,



©

(iv) The sswa conclusion as e Rewar e (cit) hede £
pois  absku®ly amt. wwh the restriction of et S,
Aud  indeed  gpen W S is 2 R-ciweusions) veetfisble

st (amile the we ondy definad o -climessions) reeti@esble
S’f?}s) .

() T8 (o is supportec om s puvely waveetiPable st
E (that is, VJURW\E):O) Haew \/(tm,x) = 20} Lor
kracex. Tis folbws by the Paet that e contoins no
mon-tvioial .Gz;w;u@j (H)l e, k4 (l*t}@%)x Mo fr=0
Pov a.et , thatis, H'(EN=0. Iudeed sme p(RMERO
aud th dt < @, thew O:f‘:t i (R™E) cltajx%'(ae\fi)o\k
ol e Impies Hat Lo s.e.b, B¢ is contained wiZ
((b}h to o Blenull subset) . Bt evevy reet Pooble. sot contained
wo 3 purely wneehifishble et muet be A'null.

(W) Mav@ pepwlay., exaucples @( Practals ape puvedy
umrectifiable ; aud there-fore BuY measiwe | "SLLWW
on thewe ssWsfies  V(ux)= 70§ for p-ae. by Rewsrk (),

Sweh exswples whefude

The Ven Kock showflake

»
UnCke e prevtens sefs, the Srevpinski cavpet, Is mof

purefy wnveeti @iable .

4 . .
The Sevpind (‘Lavrjej\' , s the

{..

(ai3 Seuave  Mminus the

wmion & the agry (oiaeu.) Sudves.

Housebaw one  Caw prove st fhe canenesl Pv&ba (a\‘&;@
mmeasuve. ko On e Sievp. Cavpet ( tve one Higt You

woufd malirslly Constuet , or move  preeigedy, the one

e vespects fre =eff. swilay ehudiue f the set)

s suppovted on 2 puvely wwreeli@iable st of Hhe
Stevp. cavpet aud  thevefove V(e x) = %07[ fov p-a.ex.

Siwmilay  Coneloimes weld Lov the 7 Sievpmske gasket,
and Pe "Hemgg/ spenge., .

(vit) The shucluve o the. decmpozalieity  bundle

& 5 /messwe W is completely clavified by Rewss
@ond vy @ e & thew V)= R B p-ae. %
Ane 1@ B is amguler (wt. &'y thew V(ux)= 505 for e
beeause. loois aupported o a mull gt (et s s
puvely  wavedifisble. ekl

(Awnd you /ey Quess what happens i€ [ has kot

Awn abgc*ﬁu:["qeaj Conliinuare dued & SL\ASUJESM/ part‘.)

(vii) The sitistion is & bit move Complecated o

domension m>\.  Tov Uistance , the fﬁ(iﬂawmﬁ
o



Guestion  natusly avigee
Ls fneve suy  siugWlar amesture o (smgular cont &)
suck thst  V(wx) = R for p-ae.x?

ov ecwioale»#@'j (leecange. of Theovewm £ above) )
Ts there By smgulsr messuve P Sueh Het
Rademacher theorew hole we fhe ysusl Covm,

st s, epery Wpselidy Lumetilon € (s dilRredtisble
h-ave. T

TlLe aunawer 1s NO (Lov both th&sbi)ans).

For m=2 4Ws s proved un lhesrew 2 ke |

(It cone ovigimj/ly pveted , u @ eampleﬁeﬂj il @eveut
19\/\5&&6@/ ) by aewygef [ Ramk-one propedty for clevitalive
of fumdions ol boumded vavistm, Froe. Royal Sec.,
Edinb. A, 123 (1993), 239~ﬂ2fl'q]; it alko follows
Lrom & vesud o [ACF] ; e procf below is
achually 3 thivd ane )

For avlravy m fuis 13 a congequence of & result
bﬂ M. CS(SVV\B@,L and P Jones [(::]:1

(ix) Tu the pestons tewsrks we discuseed for
which messwes w  Radewdehe, fheorew. Weis in the
wswal  fovm Cgufw~d$@(€v&;héb)€@§(/ fr-ae.) aud Lor colici
deesut.  Oue may thew ask Lov hich sefs E u

R fhere exists & Lipsdify fumowm £ i R"5R.

®

Ghich 18 nol diflaculisble at ey poidt of E

The suswer o s Questim twns out ti ke muwch
move  deBieste, Iw pavticular it vavies € (netesd

of fundiome e emsider maps € R™— RY, 2y
it actually depuds on fthe dimeusion m of the tavger
Space, s welk,

Mouny pecpe Contibited G this problew. kesides thowe
6\veéd?j weuwtimed sbove , wdt s s another story.

() Tt can be preved fhat W w < f}toﬁz wheve,
each M is dhe reshiclon of HU* & some k-domensions|
vectifisble set By, theaw  dim(V(px)) 2k for p-aex.
Tt is thew maturval to a8k € fhe Comvevze is frue .
Note that fhe auswer (s yes o trivial pessone Cwhow
k=i, oud ves slto (ohew Kk=m (e yowms (\/m))
Qeewf@ Andirse  Hatne gawe an exawple (with

K=2 aud M=3) S\mwh,xﬁ that (W gewneval the 2nswey
s negative .

PP

(Ue ean now pese b The last vesult of fuls Seelion.
Theoreu. 2

I ® is 2 weasure on R* aud  V(px) = R?
for p-aex, thew L &2

Rewavk  The skstemeut coun actuslly ke made more
precice © € fi= §x: V(uw)= R3§, thew fue



vestiction of b A s a\m‘:ﬁfva@g Cont. it &2

Proof

We asswme, by confradiekiion thet Méf?a and V(px)=R®

Qo\' p-Qee. X, , ,

The veref fhe prof is dlivided W wveral stepet most
& e Grok reazomable and we  will not prove. thew ,
e theugle  you showdd be swoe Hhat U come Cose
e vigovous precf may le techuicslly delioste (mestly
ke@suce € measrsbillty cssues), (We will visiesd foeus
on e Bth step , which Colsins fie e of fe

proef .

M ?Q@QLL)‘H VQP[&(’)JL? }L CUFH/L (f@ ﬁl‘mﬁu[:;\r P;;v‘f“
wrk &, we con sssume that o i sikgulsy

(vecalk Hhe ” loestify priveple,  in Remari, (W) alaave)

Civew 5 wot wecor € aud aw duge o€ (0,1/2) we

deuste by %d(e,n%) the  (cosed, two-sided) Cone. Ui he.
picinvre

Step2 St Vpx)=R* fo praex, we caw fnd

fuo Comilles () aud () e H. and Too comes
g, €% sudktnst

» €'ne*=j0f;

o Ton(ELX)C € for ph-arex andeel, <12

o setxwﬁ y,'” i= jﬂp«édt FPor i=1,2, we have
that ,)Ll aud;}l ave mot l/\mth&uy sfugu\ah

Sinee we already sssumed Hhat (L, « I, the
lsat  requuvement meons Hot ther edsts & Bovel
@ A oile P Y0 suek Hat Ly <K [y,

aVex’vaatcOm o mBA.
The procf of Hiz Step is amot difgedlt bt
quite  délicste..

Stepd  We esn Puvther sssume  thet ev. & @i, %)

whee. e (1,0), €= C@)\) ond 0 < <:]?1~; (§<‘J é'{)%ig@})

(Je swoulfs - List show that e can assume

that e cones €' aud BF ave “odl - peyrstad, , thstis,
the sude kelweew the axes < aud e, is muck lavger
thon o oud . Thew G reduce B the cam

e = ,0) , €,=(02), =&y by UG were
thomw a chauge € Vaviable.

Stept (Ve caw fuvder sssume thet each vedifishle
@t Ef“ ic contsimed w a Quvee CY (elewd

aud it ko boumclavy) swel that Tm(cg,x) c ke

fov Wevy % € Y evewy t, awe bai,n,

Thus CL is @ graple X2=gLk) with gL R—>R & clasg
E' aud st igf;l < ;(;amaé (aud He sawe for i)

L




Steps Let W ":‘fl W dt a2 in stepa.
_ﬂ/l@uv He Radow- Nikeo déwu deusity Q‘Q Kot o(fz}
% G, s fuwly for Hlae Ke C% aud evevy S.

Tis s the R@B gfep w the prook.

Nete ot becsuse o the 2ecumplione on e eurves
Ctoomd €% w Brepl, for wey tel the
tevseation CL NCL consists & exactdy one poit
X ; we dewl by &1 I—=>CE the wep fut
tokes esch t o Hhe covre sponcking X

(Reesil that  Taw(ct,x) € €* VxeCl, Vo aud
Tan (C2,x) ¢ B* Vxe CZ )

We also deust by X e mmessuve ot Ck givew by

the  pushfortsvd of fhe mesre dt onl sccovdiugto ¢,

Now we €x Xe CE oud esimate };f‘ (BG&,¥) (h@ve
B&v) is the dosed bal with CGufer X aud vedius vy

dewding by F the b € slb tel st Bx)NCL+ P
we et

pwE(BEY) @ = $ pe (B, dt
tel
veesit Hht pd;:fgéﬂl'\_;: [ %ranne)dt
¢ tel
¢
veaslt that Efc C! < | HBeINCT)H
e & t‘——‘ﬂ? t.g»_“?"
sinen Cy is the
Sope QQL‘,RA;E s<erlFl = er A& F)
oud [éu < fouw  Hen constaut de‘eemdio% m'\@ on &
RGN : (ue e the same letrer for
WrEINCY) f ;B\’(.j.; (g1 o o ettt
< (Wtaww 2 = 2,
Cos&
it
<

Now ¢(F) is the st R ol xe C5 given by fhe Uierseting
&£ C: otk cvves Cf that udersedt B&,v).
We claiv st @) c BR,Zr) wie T= fauzy

ck v toun(ax)
— x=p@# cwith be F ; -

— <l st <laBEHp

heuw |x%| < Towzw).v .

Weveﬁﬂﬂi’
W (B&r) < ern(Bxen)

and Hrew , deudling by X the Gugh measure om Cs aud v/ =6y
EQ}C)‘(,H)

7l < e MBG Er‘“ _ & MNBEyY
CHety) wre = T

< e )\(BG{)W” £ C X(ECG,V’)! )
H(BGNCE) NG AD)



awd 'h;stamfj the Gt as r—so6 we fually get
W< L0
and the last de,usfcy s %l}u&i (loy He Radon- N{Ko(ylwu
theovens) L 3\’~'&»qu/ fustis, Bor Hoa.e. xe CZ.
Stepé i&gf’éz (x) <+too  Por Pa.e.X
This follocws Wu&&x@ﬂie@ﬂ Lrom Step S aud the Paet thst
MZ;:X ;g dz  and p; = vestiction € W' o EZ ) subet

of 2.

Step? %J%éa@) Z4oo Loy p-ace xe f , chove A comes Hom

Srep2.
This fellows frem the Poct fhst the vesticiim € pt A

is obefley @vitiweus ot p= (See Step2).
Stept %CX) <too fPor  p-ceoe.x €R,
C
Te Lollows Lrom Step? onee we  shecw that _,ﬁi:Cx)<+oq
ﬁﬁ,

Por p-a-e.xefl, or éqwukp(eod?@ that ﬁ(x) >0 fov

p-a-e. X c,ﬂ hleh intn Lollocos €'vwn {'iAsL Eact

that Ay L W (Step2).

Completion sRthe pronf.
Stnea. o is sigulsr o, &% we hae that 6’2& (x) =0

for praex, st is, ._Ji‘:.(x)~+(‘o for pu»aa X,

Tus coibrdicte Step g cwd %)«@ foot that ) >0 (Blep2).
A



3. The Rank-one propedy Gov BV flunetions
I veesll ihe vesult: N
Eemveuu,g

Let a: R R" ke a fwdion f closs BY, Hhst
is, fs  dishibtions! grdied D e be represeulicl
by 2 Qule mwesewe Wl values jw mxn matrices.
Thew, wmh’wg D = g Wil positive Riuite
messwe aud g R R™* g deucily w [ ()
Stog40 e, we hae

rank (geo)) = 4 for f-aex.

. singlay pavi-of f.

‘We YO\'@% @ﬁ e vesult (s on (aﬁmosi‘j (mmediste.
Covsequence. € the follpcotng lemmms , Colick (n
turn  Lollows from Theoruwe 2 showe :

LCVYWY\E

I w-RZ5R (s a BY fumclin aud we write

T = g as dbere  ( moco g is o teotor - Qe )
Hhen

%‘L(x) [ \/(}L)X) fg@r M“ e X
’F{,o@g vetstion of g&y by 3P @owr‘f@v(‘,bckwi&t)
By the coaves formula for BV Pundions tie positive.

messuve  [g{  can be dewmpoged ag

©

Wheve eaeh beois the vectridion of Y' & same
rectfiable  set E¢ (voughly speskiug, the t-level et
€ w). Moreaver

631‘6«) is tangput & B atx
Me . e 4 s.e. t
for }ée«a 2% an e

Tues (ond the definition of V(%)) cleavly ey
He claim -
Beo? of Theovem2

CSS’E m=2. L€+ = (M”ww) {V\,W‘) al/\(‘j D\LC: 8(}.1,4
Lore evevy U By the prevtone  lewwna  we hate st
g:t = e V() Lor M--a.e‘.‘ X

and Heelove, reealiiug sk Vijn) = Vg, x) for

%ma«e‘xl

Q) e Vl(})é,x) Eon %ga.e.x.
But wmee Y is sigubyr, Thesveu 2 States thot
V(i x) hes  dimension 4 fov P-aex (mole
tast it cownot Move dimension O ke it containg
9,60 Whick iz 40 for some 6). Hence the
vows G600 & gk leloug & the Sowe L- diweusionsl
space (for pg-onex) which wirpliey Tat  vank ged)=!.

Cage m=3. The Key cbseyryration is +that glvar
a malvix M, thew \Faw\((H) < | 3@@1/\5&1 ewé?y l{f)
Quevy 2XZ wiher of M has vank = {.

Tis suggest pat the vewk-cne propety



©

fov Mt R™Ms R" actuslly foltows from the vank-one
propety  for the resivietlons (4vaces) of 4 1o
(generic) offine  planes pavallel B the coevdinte planes J
e  has beeiw prowd dbeve.

This argument is made  igevous Usiug the szh’@c:«fr
Lovnuds Lor  deviuslives 0\‘2 BY fuucliowus,

1



L., Cuthel Io@bi@@u?vobﬁm
Ouwv  moin vesult is the Pollowoiug:

[heovew &
Let o ke & measwe o R* colicl is aat alogoﬁd‘eey

cotinuous  wirt &%

Thew there exiske & sequence £ €' Lundions fu
ow RE ol usdformy compact  supports and m@vm@j
Lipscita | suck ot >0 wniformty  wie
VFr—>g+0 w oy & @ay P e,

Checling te proeR , one easly @ud ad fhot it
Can be edended o V«\‘as\/\ei/ dwmenciom I,LE.(\AS -«HAQ/
vesult by H. ch’s’vmget oud P Jowes  wmeitiomed

before |

To explsin e (dea of the proel, et ue emsider
e siugdy o of &5 measure poouwn R,

Shee M;égé‘, we e find 2 eompaet gt K

sue st WK) >0 awd &'(K)=0,

Thew  we csw take &r ewery S»o 2 boaynded opau. el Ag
auch thst Kche awd £'(Ag) < 8,

Now we take 'Jfgl‘ R—=>R  giver by Llon=0
Sud fg’ = iﬂg , het s

fs x):= o%‘((“%)xj N (—}8) .

@
Cue vezdify checks tist 0 £ € £'(h) <& (sud henes
§—0 wiformy as §-20) aud that oA onk
(3nd thevfore {4 w P
Cune tfuy prebew. is thaat Fg is u gewwsl Lipsclity,
bt mst %', but s caw be 3’y @éx-eal bj Same.
reg ulaviBatbm C(A)elk, to this eud (s ecceutial Ht
fo=1 on 5 meighbourlood of &, sud et Just on k1)

Next, I wil ty o comince gow Fhst “vigity vequiremath
ol R whew we pass © dimasios two s thst
R ois directlonlly  mull (and mot just Lebegue mull),

Delivition ( dive cilgnly _mull seks)

Let us fix > {one-sided , closed) cove €= E(en)

v e (o, x)
0 e E =B )

We thax dewste 195 H the ebec o all

lipsdite  paths i Tmlo,l—> RZ  suel tst F@ el
?Ov a.e, T.

Then Wwe ssy st & Bovel 2ot E ¢ R* is

dive dionslly st wyt the e € i€

HEM@)=0  for evay ye ¥,

More gomerally , we ssythat E is divediomally S-emslt ,
wit §s0 1€

%’CEQYCI))S S f@r e\revfj ‘)/C:—' /5(



®

Lemwas TP K is commel  and eliveconslly mull
(wrd €)Y thew for every S>0 thoe exish 8 bounded
opew =t Ag  which g div@eXLquUy & Smalk aud
Containe K.

Aclially it suffices T Tolle as Ag an €-neigdcur hood
of k with € guﬁ@é%etﬁf@y swall . That el € existe

s 3 simple Compsctnese amwweﬂ Cld hewe it i
essanlisl et K is compact),

Note st dule resu@ is Hue also  without asuiming
that Kois compaet, luwt in tuis case the precd is

‘Wg\/»@j o -Priote) (Hls vesu@t i due to Audyes Hothe) -

Lomwma€ Lot A be o bounded opaw zet (o RE) cwinida is

dWE@U‘«W‘@/uB] S-small C(f‘)'\’ﬁ~ éi) o Thew +\/veve exist g
2 U;ch,\/xli‘ﬁ fwcillon f CRES R swen et
() o,‘g%«g cd (&)s.e.;
((L) %—g/ =4 a.e. \,l:A.a ﬂ}'
(i) toking & unitovy aud orthegonsl 1 e, |
(v) 0< {< g

o

M@vema@/, as poiited out before, One Can Use a Standayd

Vegubsvisslion argument o make £ of elase €71,

Tosf.
We  can ety sssume tust e = (40), & = (0,0,

aud A (s contsined i the half-plane $x: x,>0f.

@

Thew ECov Qevy X=04,%)E R ot X120 e say sk
fé'?f ic admissib@e for x i ¥ is ac w the pictie

fatis | (FO)=0, Q@2 X, G@),=x, (aud of
Couvee 'B’C‘é) c @ go‘r a.e.t).
Then e st

P60 = swp ("H‘(WCI)()Q) - Lm)wxb

+ Gduiss,
(?ov X

(amé we ex%’wzi € fo e vest of IR? wliug fei=0

(W) £60 20 Vx (C@%gide\r E_) ), Anoveser

P6) €8 W (lecous A is S small) ) aud (Iv) is proved .

() Te prove. that O« %ﬁi <4 O mursr sheco Hhat
) 1
for evevy X aud Qery W>o ther helds

P < flthe) < o+ 4.

€magidevt\,ﬁ Y Whick is optimal  x/ (ie.,
vealizes fhe gup de the defiulion f L)) aund
Plagging T inthe def. & PG we gof €60 > Eha)-4
which g the second
wequsiity Bbove .




®

Comsidev now ¥ whieh is opimsl for x. There

ave two possibBities

aud plgging ¢ w the
defoudion of Lox) we
®r L6 2 LG 2 £,

b) in tms case let F be

A7

LI,
x x4 X!

3ud plugging ¥ un the defnilion of £0e)
e get
) €60+ Dot |+ H (Deex na) 2 Loy,
Klans) W (Eowana)
Tu beW cazes (e gt £'0) 2 69 , whick
was  Fivst nequality U e pocf o (i),

(L) By examining the proof o (), cases a) aud b)
we veslize that 1@ the segwad [xx7] is
Contelned e A we hawe L) > o0+4,
which ogether wibe the wWeagually £&) » £)-t
Umpies  P&/) = L6+ R, Thus cotin A the
Cunetion £ is (caty) Cineey un X Wit Sop o
aud we  pavtieular %g =1 s.e Al

(i) To fpreve usk \% 0| & L= for aex

we mest show +hat given x €R

and AY0 thew '\@C%'H?\@) - E&
xf

< 6
Tous

Take uideed y optimsl for X aud defme ¥
ag (h the pictive :

xl

pu;@g]wﬂ ¥ w the  defusidion of L) we get
£z WE@NA) - xax|
2 UG a0y~ ey
= F0)+ Ioxi-bex] = o0 - £
' tawx
thst is f(_x')-mﬁ(x) P :h;tw& .

{ d 3 o . i N — ~___‘_‘_B:_____ .
On similar a\rgmmcﬁ gives PN -Ek) < o

Lemna 3

Let (L be o /messure on R?, aud et K ke a compact
St uwe R*) direetmaly  mull Wit to some Come
e~ E@.o), and such that (k) >0,

Thew. thewe exists a sequence  of E' Pumetions

\@M whieh  dve Wik fov ey Wpgehts , converge & O
Wuiforméy | and  VE, — 940w [T(w)

H cxsg

(\Xsiv\ﬁ Lowwwas 4§ aud 6 (e Ccan earidy Conshuet
a sequence (fm) Hhast satisfies  all propeviies
except the last one, whide js repised by



Sinee the gredietts V. ave wniforméy bounded
possibly passing To o subsequenca we esw szsuwe
That  VE, cowerge weak@y* to some g W L&(}k);

oud Shea O Lt o K, Hew geend on K,
(=5

In poiticular g 0.

Now, fov 2 given Rtso  we hawe Hist V{’?\; Comvavge.

o % ()\)@é%% e LPOOL) Ad ‘f’l/\eve/é)c:wﬁ ) '09 a Well-Kioww

lemms, we ecan find a sequence £ of (Binit)
Conven  Combinslions € the Eumetions ;PV n Swel thot
VE. comege Stongly B 9w LAy

- Bnd adﬁuawj me,‘@iu Converge  shongy [7a) 3 Iy
LPG) for every pass. O

Note 4nst Theoreuw 2 Lollows Erem Lewmms F
Togeter et the powt pegudt

Lewmmes boh

If Kk s & meassue om R? wohich is wet ab@a&d’e%
covbinuwens vt & 2; thew thee exicte 2 @Mpésd“
et K with w@)>0  whickiis dire etionally mult
wwt gomre Cone @:%Ce,u),

a_'\.l. =1 on K Lov every M., @

“The Kgﬁ Focl,  w e procf of Lemms F is the .

Raoinwster /= lemma.

We ean lew this reeu€t az a genevalizatio of
Lebesgue - Radon- Nikedgm theorew.,
Meve. precised; we stote the lalfer we the Grm of
2 dicothomy :
given Twoe messtres: W end X thew one (snd endy one)
f the ﬁ@(ﬁbu.n‘mﬁ shfemews  must hold:
(() fhere existe a r-oul set E sxek that
[ ig suppated on E (that is, }ACEQ):O);
(iv) theve exists wb £ with XE) >0 muck that
%\Ay.a"vez;*victday, £ Mt E s absefitedy et
wyk w (s ),
(Tndeed (1) h@de whew AL, whi@ (&) helde

otherwi e )

A St lar d/Lc:@‘(-\monH hekds alse whew Qe replace
A jo(j a famﬂj of measuves !

Rainwster’s _lemma

et w ke 2 weasuwe (on a3 Compael metvic Space 7()
and @t ' ke weskx compaet ﬁam% f probstity
measuves on K. hew one (a\uf oy ane) £ the
@a\b&w\uﬁ statements Wdds !
(0) There exists o Boel ©t & Whick i Mnulk
Lov Queny ne ¥ suck that [ i supported on £



W) there existe & Boel set E and 2 pmloala\ﬁ”%

medsue & on T euek hst

o4 [ () ds0) < .
Ac't

Rowark,  Tiis is wet the oviginal  Lormulaon of
Ramwster's lemms , but it can ke €asi€y  derived

fom .

We e wow prove Lemma 8 aud eomclude the

Proo of Theoruw 3,

?:?/ogg of LlemmsR
Siven. ILL_,% &2, by Theovem 2. te et of alb x
st V(px) 4 R% vust hove positive  pr-messuie.

(s is a Keq step, and  here o where we need
o ke w clinewsion =2 ; o higher Aimeusims
one must ue the el by Csdmyei and Joneg
tmeutioned  before )

Theefore we caw Lind 2 cone B-€(e,«) aud

a Boel st F  with e (F) 70 such that

(%) Vix) 0 € = 50§ for pcoe. xe F,

Now we 2ppdy Roinwster’'s lemms to the
measwe. '{E:a 1ep  and the é’am@g 4 b
all  mesawes N £ the Lom A = Zesticlion
of R & 7@ witn ¢ pob v F Chstis
Y I= B sy e & Lo 2et),

Now, option (0) in Ramwster’s lemma can be
wd out, lkeesuse it e wiuy fhet V(kx)2E€
for alL x Ur & sulbset of F coith posittve j-messuve,
Wiueh  werldd cnradict (%),

Tws it vewmsins (¢) ; st is, J[T/veve exists = Boel wf
E sueh thot (F\E)=0 (sud w paviiculse W(g)>0)
and B g A-wull Poroll Ne'd, which rmesus
exactey that K is  divedtionaly mull .t e.

To emcde e just foke K 2 compaet subget

o £ wie o, 0

Rewerk  fhe (sketen of) pocf sbowe is ot quite
Covvest , lecaute the mesemes w ¥ ave not

brebshi€ty measuves . and even i€ they were, X s
Mot (oeak*  Com paet, This problew. esie be 6&&1%

fonad by Ism,uﬂ s@@gw@ difEreat  ameszuves ...

®



®

5. ?\/mg__g)ﬁ Theocw d S Statement (¢ )

Recall #e ststewmeddt :

I¢ Koois & measwe on ™ and £ 2 QP&C’/@1'2

Fuwelion on W , thew  for pedeex , £ is diferadisble
at % ot H/\& SLJLIcSPBC'.Q, V(‘L;X‘)‘

ds we aslready poirted out, i = f% dt cotle
I e Gugth messwe om Some  cuvee G, and.
fhere exists o vedltr@eld T sh ©® is +(JM%;2¢L+‘ To
@ at X For 00 X aud s.et, thew fthe portl
devistive, %‘_g(x) exishh  Lor - aue X .
Aud aclielly the same hede € we repbe G
ot & rectbable oot Ei.
Thie obsevstion and the defiudion of  V(wx)
%&kgqesjf“ that for p-aex the Lusetion £ s
dilleveviisde ab X w3 st of daediens D
that  gpans V(%)
This ie coveer, and wot Bt prove
bt i (s mot ewougle. We amust indeed prove
Puat: :

() § is digfeeutisble ot (p-ae)x un gy

divection VU ur V(X))
(i) the paviisl deviastive ,gg_ () i3 lnear W vy

Thie veauft is achicyed Mhenks & a chsracterzation

o Vix) e tevms on movmal L-dimeusiomsl eupveuts,

@

Nevmal 1-cuvadte (@ R™)

A movmal  4-dimensions| euvrent T (on TRM“)\ is & cuyvart
with  Cimitre /mass  wWhow boundavy 3T has Pinde
mags  as well,

In_practice, & f-cament o Gute mass is just a
Vel measure on R™ with values vu R™, and i

Caw he vepesented as T= TN with N 2 Rule pesitive
tmessive and T a wedorfeld (W L),

(it twe beundary €T ie the divevgeus un the gonse
of distribullon, thst is BT = .%_‘éag:(to/\y), and it hae
Cinite moes i€ it is 3 (veal-velued) meseure.

A yelevmnt exawple of  mormsl L~euvet (s the
following: lek C be fhe lmsge of o =sim,
Upsewdr  pate 1 Tioil— R™ (clowd o ud),
and let Tiz=oh whee X iz the peshricon 6@ Y
o €, aud wey s the taugeud Wit veetor givew
by THk)i= Y& for X=yl) aud >.e.t.

3

I @)

C T .

fn easy compitalion of the distilulloms\ deviostive
@ s + j" : RPN A - € R

Rk T shows tat i Hic cae 9T = %((_{) Sy(o)
(a Divae mace st the eud-poivt mivus one at the
stovling pomt of C),

Tiis explaine the temn 7 boundsvy , .



A _decomposition for mormal L-Curad @

We hae tue \fé&mme dec:zwsposffdm (5 vaviant — indeed a
Simpification — of & vesult by S.Smivnov [Decomposilion of
Solencids)  vedlor el/;arﬁes ey &t. ’Pe,’revslout/j Hete. 7. & (15/90))
Sul- 863

Evevy  mormel d-ewrat T= ope osu ke winttew as

(%) T= f Ty dt

where eael Ty s the d-cument ssscoisted as alote

o some Smp@ pate ¥ ;i W pariiculay the positive

rmesswre Pi=lTel is the restrictn of H' o the rectifisble
st %, ). Moveovrer

7] = Telp = [Tl e

aud T(‘E%))T: 7 () for %~»ae.x'av»d s.et.

D, auxitiary bundle

et p ke Pixed . -Bg the L@&%&L&-—Rﬁc\m’l* Nikod_guw Hheereur
we eaw write  every movmel L-Cuvest T a8 Tm ()

wie Te€ L\(W‘P\') and  p @ mesawe sikgulay wirt. e

We, fnen. dewste by ﬁﬂf,v e ebss of%hegﬁt{’aselmdﬂg

of L’(w,)) and Gt x> V/(p,x) be the p-esseutial spsn ‘oﬁ;
IPL, ot is, the (Mm(,qma) mimims! element dﬁ the
clase (gl/u. af =il bundles xeR™ > Gooe Gwm) stk

?ov W‘ﬁ e H;,\ theve MoRelg hye V) f@r f-ae X,

Lomms 3 (Chondevmstion £ Vi)
Toke o,
Thew

Vi(px) as above, sud V() ss wsusl.

V) = Vi» for p-aex.

Ides P procf

The proof of this lewmms s (?Luj“(% teehnies| , but Hhe
man  (dexs can be Cagiby exP{al'med.
To prove the tnclusion  Vi(ux) < V(LX) fou praex,

e st shoos thst £y Qevy Novimal - Cuvveut

T = cfer) Hneve helds TR € V(nx) for praex,
and tis fellows immedistedy  Erom the  decomposition
of T guaw ®) 3nd the defuiion &f V(wnx).

Tor the vielusion  V(yx) € V/GL,X\ Povr p-aex we must
show thet givew fpg d K o ot % lg,emg the
vestviction of H' B some pectu@isble geb E¢ , thew
Taw (Ex ,») € V/(w,x) fov K -eee. Xaud ae t

The (des is o comr eoch Ee with Contably msng
cuvves (fz’c,w o 3ssceiste o each Cpy & hovmsl

tawvent Ty m as 2bove |, and

Coneider the mormal
d=ewrrent T gieu, %

T [STe dt (possiby
\nw@izp%ivxﬁ Sach Ty by some =wmall positive Mumber
go B meke Phe sumsz oSud e Wtegrel  converge .
Thew 4he tdeatis that V() cowtaine +Mg,“'\7fcf0mt‘;?éeé?:l
Ce,nt) ossociated ® T\ cohich Spows Tow Ciur%),
ol i Furn agrees (it Toun (B¢, x)

Tike is 7 essenlially , Cowveet , but mone of thes

(claimed) vacusions dctualy heRd ae it is sioted.
[



Tdes & Pe P_r_@_@@ 0 _of Theoreu 4 (i) @ @

the {?oLLowmﬁ fornmuda Lov  the leandary  (elietvilutionsl

let © ke = veetor@eld w %, hot is, the tector Piedd | divergence)  of the  movmal L-euwedt PT = Pe(utp):
associated & & normal 1- eurvedt T bg the formula g(ﬁ‘r): \E-QT + %G‘“‘VJ)
= i) |
Let T=[Tydt Le the decompesition of T we (). Thie mesns st %g is the Radon- Nikodym density
Thus =Tl is the vesvickon € W B a2 of the messuve IET)- £IT wrk ot !
€ . .
eifioe %4 Ee, ond T (defined by To= g p) (or W ) if we oo oty uiterested on e vauer of
is 1‘%@@/&7 to E K-a.e. aud  TL 60 =) Por % fov  M-ace point) .
[Z6al

—a.e.x 3ud ae.b.
«

The Key point is thet this formus is Giesr w T,
Thew | a2 already poivted out kefre, £ is oiffereutisble |
at x e the dorectiom = ) Por po-aeix 2nd
a.e. b Iu other words

And Lrowm s we cauw devie the Cinesrity & %(y)
W vV For p-aiex.
-

,%%‘ (x) exists  Lov ‘p_g-_(_lex

&Qm;;u ) a. .
There e mow o Koy faots N(oealy (u)-a.e.x)

o The vectovfiedde T wn }&(}Ib spaw V(i /x) (L@wuaﬁ)/
° /g(;& ) Ue@cvvgspr_g%

Usivg Hhese focts it is Aot cif@entt o how thst
%’%M exists for evey Ue V(ux) sud p-a-e x

To conclude e preof of srsfement (0) o Theerew 1
we meed B show st %cx) e Cwear Wl U
(for p-are. ).

To proe His Lact we use thst Lor avevy

the patsl devictive g_i is  chevacterized by



6, Pract of Theovem ()

Recall the statemedt :
given o measuve L on R™ thewe exist o (ipsells
funedion € on R™M suck that |, for p-ae, x

% € does ust exist (—’ov eu‘ew fU‘% \/(/A,x).

The construeon of £ Ffor geneval m is quite
meled. We st thevefore wibe 2 eonghuclion
b  dimeusim M=\,

Proposition 10

Let E be a Borel muf@ set uwe R,

Thew theve exists 2 Upscity Lunclim € on R
ohicn is wot dolleelisble st evevy xe £,

In patieulsy, by choosing E s thst it supports the

Sngulsy measuve (L we oblain that € is net

diffeveutisble ot p-a.e.x,

Remark  Tis result is Knoww sine o loug Hime,

cf. [Z. Rahorski, Bull. Soe. Molle. Frane 74 (1966), 163~ 33 ].

Reaf

We assume for simpleity thst E is compact (the
gevers| cage is glightly meve Complloated ) ,

Usivg tat E is Lebesgue~mulk we @nd =
sequence  of open sets Ay Sweh thst e

®

() the sefe Dy are bounded and HODL){DAZD.MDE,‘

(i) each A, has @Cwﬁ’e@g /many Comneeted Componeuts
(here we use thet E is compeet)

@) for evy m awnd ey I connected componeut
of Ay there holle &' (Py) < 2EL'(T)

(heve e weed Hhst A, hae ft‘md’e@y amany C@w\wmymp,).

NOLL) we e@zjl" gw i R%P\ o de\ﬁ)v\ed bya %@rx);o
Q\Ld éw = {(‘A ) H/\Aj’ is

gw(x) = D%‘C(‘O‘))K]nﬂw) 5
auwd ek

ﬁn:: ﬁd_C“')kgK 3 fz@uu. fvu .
K=o > &4

CI esu e easily checked Hst the Lunelims £y ore

1~ Gpeots and convevge wnilomé@y G {?;E{-l)"gk;
y Q

which s thevelfore slsa 4~ Ldpgc‘/\ii“g)

Tix mow %€ E and Lor Qevy m let Jyn = @ sha) be
Be  cornected componest of Ay that containg x.
s an Ax and b, N X,

Now) £ omis even  thew f‘jb: 4 on By, aud in

paviteular £, is Unear with Slepe € on Ju. Thus

4 - fulo60) o £0)-Elw

by —@n by - an

Tindeed eomdition (i) encwves thet 1 - £ Mo, £ 27" (b-a),



Sihee Quy A% aud b, X, frowm Hus estimate we
can nfer ot
BEQ):= Cusup ﬁ(xvr&),.g@ =4

H—>0

upper devicslive 8¢ € atx.

Cun the cthev haud, Whew M is odd thew £, has
Slpe © v Jy, and Svguing 23 befoe  we get

Vli= Comuf £o40-E64) - o,
0\ L0 4
lower devistive
Thus € is et dilferatioble af x.
1

The exteusion of the presious eomshuciion
To Wigher climension ie quite compested

On e other hand , the Lactthat'§ ic cbtsived by
Successive pediur baltons  suggests that this
Conghuctlon may ke recast 2s = Bamseh- Hazur
game , ov more ’gevwzva(bﬂ that € could ke
obtoned by come category gvgumeuf(‘) whick (poudd
hopefu €@y  grant seme  Simpeiclion (ud pavtieulsr

i view of the exdeusim B Wicher dimawsion).

ﬁ\w\ovxg all possible approzehes (all work[) e heve
Chogen ene  Suggested Some yesrs 2go by
Bend  Kivchhein .

®

A ssume mow thet W is Supportec! w [o.7],
and @t K be the Spec of d-lpselutz Lumetios
£ o1—=>R, eudowed with the supremum distenc.

Let thew YV ke fhe subset of all £eX such thet
DR6) =+ 1 ond DVPGI=-1 for p-a.ex.

Proposttion |

Yis vesiduasl ve X, and e paviiauway it is et

vty (ond evevy £ (w Y is clexv@y ust diffeeutiabe

at p-aee. poivt),

Rroel

For wevy 20 smd QU\")/\& £ eX '03% let -Tgé?
be e Luudion of To,i| defined by

T.0x 1= sup (0)-60 .
¢ I%\fs A

Stept The map Tg ¢ X—> L' (W) is continuous for
every §>0, and Conpevge peilntolse o To X L),
(L owit the ver i eation) .

T To is & Baive-one map , dnd thevefore the
@t Z of all Lex guek +hat To is Covlinueus is

V*eSid;UL’&\ WO X.
Step2 Te Tis conlimueus ot £ ther Tof= p-a.e,

Resume by embadieon that this is mot fhe cose,
aud cheose suy mqueuea & Swoeoth £, € X Hist



®

We can then Eind = Compaet null set [ uith (k) >0
aud E£>0 sueh Hhat Tol, 9, Tol&) < - Yxek.

Tis wplies w pavlenlsr that £ &) <\-& VxeK,

We cow thew cheose an open sot A, such Hst
Aok, Ble<l-e Vxel,, and L'(Au)>0as
h—s 00.

Next we let gu: [0,1>R ke the Quuelion defmed
by Gu(=0, gi=-dp , aud st

>4
Poi= £, +e9, .

Thew llg,ly, = &' (A —0 , aud therefore
@NVL—%’ £ wfer W\Qg .

Heveover one eagi@ﬂ checks that £, is skl

1~ Upsclite  (esseuttally beeause gi =0 out ef A,
and w B, G = £l 469y < I-e+g 1), aud

f‘v\a e~ — .
iy o€, &) = Tsf b+ Yxek.

But this inequality impties ot To€ does not

Convevge  wn {_f.(pu) To To€, Whiew Cowtradick

the assumpon Hhat Ty is contimuous ot £,

QTeps TJo conelnde the preef just check thot
To€ (a4 wuplles thot D= .
So Cuery € ur the residual et Z (he point of

©

covitinuly ef Te) sstisfies (by Step 2) D=1 (ae
Bul thew aleo the set of all € such that D=
fi-eve. s vesidual by a siwmiby avgw,,\@ﬁr).
And snce Y s the wleedim & theee tao
recidusl sets, It is also vesidual,

[
“The stelgy Gesed to preve Ropostim 4 hes
been Used o [AH] 1o prove Theoveur < (W)

In dimension m>1, however, the preof is
2 bit meve delicste. thon abkore, and euen
fhe  defonitiom e the space X (S vathe,
Thyvekeed,

Theveore I Wil mov grre the debils heve,

et me just point out, howewev, thst the
”H\q\/c[f/l proparty of the et K m this Mgher
Adimensionsl  genevalizalion , 15 mot betug Z™ au
ot \065"\@ dw\%eﬁm\&hj math (it vespect &
suilslde cenes).

Ond st twe  pelivbdtions gy Conetvucted From
K ave exsctty the fumelions comshucted w
Lenwms € Tor the sfutim of the clesabihy

breblem .



