NOTES ON RADIAL AND QUASIRADIAL
FOURIER MULTIPLIERS

ANDREAS SEEGER

These notes were prepared for lectures at the Summer School on
Nonlinear Analysis, Function Spaces and Applications (NAFSA 10),
June 9-15, 2014 in Ttest’, Czech Republic. They are based on material
in various joint papers ([1], [18], [23], [24], [29], [31], [32]). The notes
could not have been written without the extensive contributions of my
coauthors Jong-Guk Bak, Gustavo Garrigés, Yaryong Heo, Sanghyuk
Lee, Fedya Nazarov, and Keith Rogers. Of course any deficiencies and
errors in these notes are my responsibility.

1. FOURIER MULTIPLIERS

Given a translation invariant operator 7' which is bounded from
S(R?) to some LY(R?) there is a tempered distribution K so that
Tf = Kx f foral f e SR (see [48]). We denote by Conv? the
space of all K € §'(R%) such that

1K fllg < ClLE
for all f € S(R?), and set

1K [ convg = sup{l[ K * fllg : f € S, [[fllp =1}

The convolution operators can also be written as a multiplier transfor-
mation N

K x f = F '[mf]
where the Fourier transform of a Schwartz function in R? is given by

FFE) = fle) = / Fy)e @ dy

and F1g](z) = (2m)~? [ g(&)e"®9d¢ is the inverse Fourier transform
of g. The space of Fourier transforms of distributions in Conv] is
denoted by M and the Fourier transform is an isometric isomorphism
F: Convi — M, ie. ||m|yg = [F ' [m]llconvs- We also abbreviate
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Conv, = Convy and M), = M?P. Effective characterizations of the spaces
Convy or M are known only in a few cases, see [25], [48]:

e Conv; is the space of finite Borel measures (with the total variation
norm).

e For 1 < p < oo, Conv{ = L9, with identifications of the norms.

o M, = L*°, with identifications of the norms.

_ _ g7
Moreover, M = {0} for p > ¢, and M = M,

1 1 1,1 _
p+p’_q+q’ L.

Of particular interest are the radial Fourier multipliers on R?

m(§) = h([¢]) -

We shall assume throughout that d > 2. The radial multipliers cor-
respond to operators commuting with translations and rotations, i.e.
convolution operators with radial kernels, and also to spectral multi-
plier operators for the Laplace operator, via

hV=A)f = Fh(- DS

A great deal of research has been done on a class of radial model mul-
tipliers which are now called of Bochner-Riesz type. Given a smooth
bump function ¢ supported in (—1/2,1/2) we define

hs(s) = o(+5°)
so that hs(] - |) is supported on an annulus of width ~ .

2d

71 one has

Congecture I: For 1 <p <

(11 hs( - D, S0P, Ap) = d(1/p = 1/2) = 1/2

This is referred to as the Bochner-Riesz conjecture since a resolution
would prove that the Bochner-Riesz means of the Fourier integral

R = o [ (- B T

converge to f in LP(R?) if A > \(p). Inequality (1.1) is known in two
dimensions for the full range, and various partial results have been
proved in higher dimensions (see [15],[12], [17], [5], [6], [55], [28], [7]).
For the relationships of various related conjectures see [51], [52].

A somewhat more general problem involves classical function spaces
measuring regularity, in particular the L? type Sobolev spaces £2 or
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the Besov spaces Bgvp. The following estimate would be optimal within
this class of spaces.

Conjecture 1I: Let h be supported in a compact subinterval J of (0,00).
The estimate

(1.2) [ (] - I)IIMp S sz, a=d(1/p—1/2)

holds for 1 < p < d+1

Partial results with the condition @ > d(1/p — 1/2) and related
square-function estimates are in [9], [11], [13], [29], and a proof of the

2(d+1)
T3 can be found

endpoint Bd(l/p 1/2).p bound, in the range 1 < p <
in [30].

Inequality (1.2) is still far from a characterization of radial multipliers
(even those supported in (1/2,2)). Consider the multiplier h:(s) =
x(s)e™ where xy € C°(1/2,2). It is closely related to the solution
operator for the wave equation. It is known (see [40]) that ||h(|-]) | ar, S
t=DAP=2) for ¢ > 1,1 < p < 2, but ||hy[pz, 2 t* and thus the
optimal M, bound cannot be derived from (1.2). An affirmative answer
to the following conjecture would close this gap.

Conjecture I1I: Let 1 < p < d+17
subinterval J of (0,00). Then it

(1.3) R( - Dllag, = |F~H R DI,
(with the implicit constants depending on J)?

and let h be supported in a compact

Given that the weaker conjectures I and II are not completely re-
solved, we may have, for Conjecture III, to settle for smaller ranges of
p. It has been shown to hold in [23] for the range d > 4, p < (d+1 , and
no such result is currently known in dimensions 2 and 3. As in [23] the
proof of this conjecture would likely lead to a simple characterization

of all radial FLP multipliers for p < as in:

d+l’

Congecture IV: Let m = h(| - |) be a bounded radial function on R? and
define the convolution operator Ty, on R by

T, f(€) = h(lg]) f(€).

Let1 <p< d+1 Let 1 be any nontrivial Schwartz function on R%and

let ¢ be any nonzero C° function compactly supported on (0,00). Then
T}, is bounded on LP if and only if

igg) t /pHTh ]Hp < 00
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The resolution of this conjecture would imply that in the above range
T}, is bounded on L? if and only if 7}, is bounded on the subspace L , of
radial L? functions. By Fefferman’s theorem [16] on the ball multiplier

(or some variant of it) this is clearly false for dz—fl < p < 2. Similar
arguments show that the condition p < % is necessary in the three

previous conjectures.

These notes. In §2 we consider the case of general quasiradial multipli-
ers in Mg and discuss a characterization for the case when the under
a decay assumption on the Fourier transform of the surface measure of
¥,. When p is the Minkowski functional of a set with smooth bound-
ary (then P = I) we examine further the M] classes and express the
condition F~![m] € LY in terms of the one dimensional Fourier trans-
form of h. This is done in §3. In §4 we discuss a sharp theorem from
[18] on the L” boundedness of convolution operators with radial kernels
when acting on radial functions, and in §5 we prove the same result for
radial multipliers acting on general functions. We shall focus on the
case where the multipliers are supported in (1/2,2).

2. L? FOURIER RESTRICTION THEOREMS AND QUASIRADIAL Mg
MULTIPLIERS

In this section we shall first discuss a general version of the Stein-
Tomas restriction theorem and then deduce as a consequence a straight-
forward characterization of radial and quasi radial multipliers in Mg,
for the p-range of the L? restriction theorem.

2.1. L? Fourier restriction theorems. In the 1960’s Stein observed that
the Fourier transform of an LP function can, for a nontrivial range of
p > 1 be restricted to some compact hypersurfaces with suitable curva-
ture assumptions. An almost sharp theorem for the sphere was proved
by Tomas [56], with an endpoint version due to Stein [46]. Further
results are in Greenleaf [20] and many other papers. Here we present
the rather general setup by Mockenhaupt [38] and by Mitsis [37], with
the endpoint version in a joint paper with Bak [1].

We are given a compactly supported Borel measure p satisfying the
Fourier decay bound

(2.1) )] < (1+ gl
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and the a-upper-regularity condition

(2.2) (B(a,m)| S r°
for all balls B(x,r) with radius 7.

Remark. For measures satisfying (2.2) the Hausdorff dimension of
the support is at least o. For measures satisfying (2.1) the Hausdorff

dimension of the support is at least 8. The latter holds since for v < 8
the v-energy

L(p / |z — | dp(x)duly /|€|V N1a(6)[Pde
is finite and for the Hausdorff dimension of supp(u) we have

dim(supp(p)) = sup{7 : I”(n) < oo}
(see [35], [58]). For this reason the number

dimz(p) = sup{B : sgp(l +€DP2IaE)] < oo}

is often called the Fourier dimension of p.

Theorem 2.1. Let p be as in (2.1), (2.2). Then
~ 4(d — 2
23 [IFOPWS UL p<p =it

The LP norm on the right can be replaced by the smaller LP? Lorentz-
norm.

Proof. Let T denote the Fourier transform, as an operator mapping L”
to L?(du) (and as such a priori defined for L' functions). The proofs
of Mockenhaupt and Mitsis, for the open range (1, p.;), follow Tomas’
argument in [56]. One first observes that

(2.4) TTf = £ [i(—)].
Indeed,

(T°Tf,g) = / F&7@) du(e)
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Thus
(25) f - [P - LQ(dlu) — I[/Z* . [P N Lp/7q/ .

Following Tomas split i1 = Y777 7i;, where i is supported in {|¢] < 2}
and, for j > 1

supp(fi;) C {27 < [¢] < 2}
This decomposition can be arranged such that py = p * ¢g, and, for
J > 1, uj = px299¢(2(z)), for suitable ¢g, » € S(R?).

It is easy to see that || f * woll,y < ||l for 1 < p < 2. By (2.1),
175l S 279972
for y > 1, and hence
(2.6) 1 * Billoe S 27721 £l
By (2.2) we get, with NV > d,

@IS [ ety

1+ 2z —y|)N

p(B(z, 2792049 7IN | 0y 07(d=N)

N
MQ

=0

N
<.l

9i(d=a)9=l(N~-a) + CNQJ'(d—N) < 9i(d=a)

N
Il
o

and hence

(2.7) 1+ Billz S Negllooll fll2 S 274N £
Interpolating (2.6) and (2.7) we get

B _2(d-a)+8
)+ At

£

where the exponent is negative when p < p,. Sum in j to get the
asserted inequality (2.3) for p < pe.

I * gl S 277

For the endpoint inequality the familiar analytic families interpola-
tion argument (see e.g. [46] does not seem to work in the generality
considered here, moreover it does not seem to yield the better Lorentz
space bound. Instead one uses real methods (see [26], [21] for related
arguments).

A familiar argument by Bourgain [4] yields the restricted weak type
estimate

(2.8) 175l e 1l
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or equivalently, for any f with |f| < xg

A E|YPery vl
meas({x: [fxpu| > A}) < (%) :

To see this observe that for any R > 1
> Fefle)| < Co Y0 29 fll < CoRPE
21>R 27>R

Choose R = Ry, so that C/,R,"/*|E| = A/2 (and thus Ry ~ (|E|/\)%#).
Then

meas({z : |f * i > \})
< meas({z : | Z f*p(z)] > A/2})

2i<Rj

2
S| X e

2/ <Ry

SA2 R f]L)°

(d—a)+p8 4(d—a)+2p8
B\ B

(BN B] S (B
which is (| E|"/Per /X)Per.
The restricted weak type estimate implies, by (2.5),
(2.9) F o LPot — L(dp) .

To upgrade this result to a strong type LP — L?(du) (or even LPe? —
L*(du)) bound we first prove an LP=! — [? estimates for the convo-
lutions f * fi;. We claim that (2.9) implies

(2.10) 1+ Allz S 272 fl ppeen
Indeed, since [|j]|oo = O(27(4=),

17 # Bl S 1l S 272 /|f )2l lag)

and, from (

/ NG

S Aaogmenw [ Vo +OPdum)ds) " < 1 il
</(1+23|€| / )

Thus (2.10) follows. By duality we also get the L? — LPer>® estimate,
and then, by the Marcinkiewicz interpolation theorem,

(2.11) If * Billa S 2721 £
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for (1/p,1/q) on the open line segment joining the points (1/pe, 1/2)
and (1/2,1/1,).

We now repeat Bourgain’s argument above, interpolating the bounds
(2.11) with the estimate (2.6). This gives the bound

(2.12) 1f 8 oo S 1 F 1o

for (1/p,1/q) on an open line segment which is parallel to the diagonal
{z, x}, and has midpoint (1/pe, 1/pL,).

Using the general Marcinkiewicz interpolation theorem again (on this
line segment) we get

(2.13) 17 % 8l S 1S e

for all r. Applying this for » = 2, and then applying (2.5) one more
time yields
F o LP? — L (dp) .
L]

2.2. Quasiradial multipliers in Mg. Some theorems for radial multipli-
ers can be generalized for quasiradial multipliers, which do not possess
any group invariance properties. They are given by

m(&) = h(p())
where p is a suitable P-homogeneous distance function.

To define this notion let P be a real d x d matrix whose eigenvalues
have positive real part and let t = exp(Plogt). p is a P-homogeneous
distance function if

p(t"€) = tp(€)
for all + > 0, and p is continuous in R? and p(¢) > 0 for £ # 0. In
addition we shall throughout assume that p belongs to C>(R?\ {0}.

Let
(2.14) X, ={¢:p(§) =1}

and let o be the surface measure on X,. It will be convenient to use
generalized polar coordinates £ = s7¢ with p(§) = s, £ € ¥,; then

/g(sc)d:c = /Ooo /Epg(sﬁl)%s%lds

where n({’) is the outer normal vector at &' € 3, and

v = trace(P).
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Euler’s homogeneity relation in this setting becomes p(§) = (P&, Vp(&))
so that (P&, n(¢’)) is bounded above and below on ¥,.

We now discuss a simple characterization of quasiradial Mg multi-
pliers in the case that the Fourier dimension of ¥, is positive. Let o
be surface measure on ,. We assume

(2.15) sup [€]72[5(€)] < o0

£eRrd
for some B > 0. As ¥, is a hypersurface we can apply Theorem 2.1
with « = d — 1 and get

_28+4
=~ B+4

(cf. [20]). For example, (2.15) holds with 5/2 = (d — 1)/m if ¥, is
convex and all tangent lines to X, have contact order of at least m with
¥, (see e.g. [8]). One version of the following observation was stated
in [18] although it had been known as a "folk result” for quite some
time.

~7 1\ |2 / 1/2
216) ([ @) Sl 1<

Theorem 2.2. Suppose that (2.15) holds and 1 < p < 266%44 . Then the
operator

~

feFR(- DA
extends to a bounded operator from LP(R?) to L*(RY) if and only if
2t 1/2
(2.17) sup t"<%—%>(/ \h(p)P@) < .
t>0 t 1%

Proof. If h is supported in (1,4) then h o p € M? immediately implies
that hop € L2(R?), by testing the operator on suitable Schwartz func-
tions. Thus, by polar coordinates, h € L. By scaling, [[m(t”-)[|az =

t/0/P=1/2) [[m| 2 and the necessity of the condition (2.17) follows.

For the sufficiency assume first that h,; is supported in [¢,4t]. Then
using polar coordinates and the restriction theorem (2.16) wee see that

PE.n(e)
([ RIS ar)’

t

2 sl_1ydry s
([ ity
t

r

R 2t N do’ , /
Iopflle < ([ I [ 1RO )
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Now, dropping the support assumption we decompose h =, _, hor
where hox is supported in [2%, 271, Let

2k:+1

1_1 do\ 1/2
A=sup2 6D ([ pup)P) "
k 2k—1 p

Let ¢ € C* supported in (1/4,4) so that ¢(s) =1 on [1/2,2]. Define
Ly by Ly f(€) = o(27%p(€)) f(£). By Littlewood-Paley theory (adapted

to the geometry determined by P) we know that the operator f —
{Lif}rez is bounded from LP to LP(¢?). The above shows

IF RGO S D Iharop Il

1/212
SAYNLI S 2| (X 1LP) || S A1,
k k

O

Remark 2.3. It can be shown that for p(§) = [£]%, and the operator
acting on radial functions only we have the same inequality in a larger

range, namely LP . — L? boundedness for 1 < p < -*%. Moreover at

i
the endpoint py = 2d/(d + 1), we have L*%' — L? boundedness and
LPo:! cannot be replaced with L2 for ¢ > 1. See [18].

3. AN FL? RESULT

In this section h is assumed to be supported in a compact subinterval
J of (0,00). In order for h o p to belong to M] it is necessary for
F~[h o p] to belong to LY; this is immediate because on can test the
convolution operator on Schwartz-functions whose Fourier transform is
equal to one on the support of h o p. It is sometimes useful to express
this condition in terms of a condition on the inverse Fourier transform
of h (considered as a function on (—o00, 00)), i.e.

(3.1) K(r) = /h(p)e_iprdp.

Such a characterization is possible in the isotropic case, when p is the
Minkowski functional of an open set €2 with smooth boundary, starlike
with respect to the origin in its interior, so that p is homogeneous of
degree one and X, is the boundary of €2. The following result can be
found for p(&) = |£| in [18]. The proof for general p is taken from our
joint paper with Lee [32].
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Theorem 3.1. Let 1 < q < 2, Q as above, let p be the Minkowsk:
functional of Q0 and let J be a compact subinterval of (0,00). Then for
h with support in J |

1/q
(32)  [JF ool gy * /| |21 + |r|) =10 dr) .
The implicit constant depends on J.

Proof. Let x € S(R) so that y is compactly supported in (0, 00) and
X(s) =1 on supp(h). The inequality ”<” in (3.2) follows by showing

33) |7 o) [ wtr)erar]

La(R4)

1/
S ([ np+ 1@ a-dar)

for the cases ¢ = 2 and ¢ = 1, and using analytic interpolation.

For ¢ = 2 we have

|7 ot [ wtryeran|,

L2(R%)
:/’X / ﬂ“p(ﬁ dr‘ d¢
_ /‘X / zrpdr d 1dp
S [ ntr)Par

where we have first used Plancherel in R?, applied generalized polar
coordinates, and then used Plancherel on the real line.

In order to prove (3.3) for ¢ = 1 we use the fact
3.4 ) 1y (p(-))e?0) ‘ <145
(3.4 F oDl S A i)

This is a rescaled version of an inequality in [44]; the assumption that
p is homogeneous of degree one is crucial here. (3.4) and Minkowski’s
integral inequality immediately give

|7 20t [ e an| 5 finia ) ar

which is (3.3) for ¢ = 1.

We now show the converse inequality

1/
([ ntryieca+ ey 002 ) ™ S b o
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for h smooth. This a priori assumption implies that the left hand side
in (3.5) is finite; it is easy to remove by an approximation argument.

Let & € X, be a point where the Gaussian curvature does not vanish
(e.g. a point where |{| is maximal on 3,). Let U be a small neighbor-
hood of &, on which the Gauss map is injective and the curvature is
bounded below. Let v be homogeneous of degree zero, v(&) # 0 and
supported on the closure of the cone generated by U. Then

|F v hopl|| . S | F7HRonl||

Use polar coordinates (with respect to p) to write

- * - N inte'z) 49 (E)
30) 7 bynenl(@) = [ hiat [ e e
Let n(&) the outer normal at &, let I' = {x € R? : }‘—z‘ —n(&)| < e},

with € small and let, for large R > 1, I'p = {x € " : || > R}. We may
assume that for each x € I' there is a unique { = Z(z) € X, so that
v(E(z)) # 0 and so that « is normal to 3, at =(z). Clearly x — =Z(x) is
homogeneous of degree zero on I'. By the method of stationary phase
we have for x € I'p

(37 F (@) = To(x) + S 1T () + 111 ()

where

where K(Z(z)) is the Gaussian curvature at Z(z) and |¢| = (2m)~%
There are similar formulas for the higher order terms /7;(x), with the

main term (p(Z(z),z))"“= replaced by (p(Z(z), )T . Finally

[111(2)] Sy 1hllu]a ™, = €Tk

Let h;(p) = h(p)p“ 9 and let k; = Fy '[h;], then

|[0(ZL')| ~ Iio((E(l’),SL’»

y I’GFR.

We also have



NOTES ON RADIAL AND QUASIRADIAL FOURIER MULTIPLIERS 13

which is a consequence of p(&) = (£, Vp(§)) (Euler’s homogeneity rela-
tion) and the positivity of p on X,. It follows

o 1/q

(3.8) | Lol Larg) 2 (/ ko (r)|9(1 + |7’|)(d—1)(1—q/2)dr>
CoR

for some Cj > 1. Similarly

s *° 1V 1— 1/q
39 h e S ([ I+ e 00ar)
0

We will need to use the straightforward bound

o aa \Va o ws \ M
o) ([ lcsgrsira)” s ([ g prar)
0 0
whenever ( € S(R). Since k; = (j * ko this shows that we can replace
rk; in (3.9) by kKo.

There are also the trivial inequalities

T Loy S RHIRIL

and

Il < Nhopll o gay S NIF [hop]ll aeay -
Thus
(3.11) I\ Lawn) S BHF Rop]ll pagea).
Moreover, we estimate crudely
(3.12)

coft d—1)(1—q/2 14 d d
(A K191+ )00 Ddr ) S RV kgl oo S RVl

We now combine the estimates and get

([ 1matr P+ pryee-orar)
S Mollzswry + R¥NF gl
(813) S RYIF M [hoplllaeey + B Y IThl|zacee

=1

1/q

here we have used (3.7), (3.11)) for the second inequality, and (3.8),
(3.12)) for the third. To estimate the second term in (3.13) we use
(3.9) and then, using (3.10) replace x; with kg to get

- /g
[RRFTIZIONIS R_1</ o (r)]7(1 + \rl)“‘”“‘“”dr) _
0
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Thus, choosing R sufficiently large (and using the finiteness of the right
hand side of the last display) we get

1/q
([ Inatr) P+ @202y S 7 o

Finally observe that k = kg *(y for some Schwartz function (, and thus,
by (3.10) we may replace kg by . This finishes the proof of (3.5). O

Remark. An application of the Hausdorff-Young inequality recovers
necessary comditions in [19],[42], namely for h supported in a compact
interval J C (0, 00)

(3.14) HhHB?' Sy IF 7 hoplll Loy -

1_1
d-1)(g—34

In [42] inequality (3.14) was proved for more general P-homogeneous
distance functions p, but we don’t have a simple analogue of Theorem
3.1 in this case.

4. RADIAL Mp MULTIPLIERS ACTING ON RADIAL FUNCTIONS

Let g be a radial Schwartz-function, g = go(|x|) then the Fourier
transform of ¢ is given by g(§) = Bago(p) where B, denotes the Fourier-
Bessel transform (or modified Hankel transform) of go. It is given by

(4.1) Baf(p / f(5)d(sp)s®tds
where
(4.2) 3p) = "% Ju2 (p)

and J, denotes the standard Bessel function.

The convolution with a radial kernel maps radial functions to radial
functions. Let A(|¢|) be a radial multiplier and g = go(| - |) Then

(4.3) FHR( - )Gl (x) = cBalhBagol(||) -

We denote by L? . the space of radial L” functions. The following
characterization of L , boundedness was proved in joint work with G.
Garrig6s [18]. Let ¢ be a nontrivial bump function which is compactly
supported in (0, 00).

Theorem 4.1. Let 1 < p < d+1 Define k(1) = Foh(t)](T). Then

I DAz, S 0F e

rad
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for all radial Schwartz functions holds if and only if the condition

1
@t s ([P e <o
t>0

1s satisfied.

The necessity is easily checked by testing the operator on functions
of the form t%/Py(t.) where 7 is a suitable Schwartz function. For the
full proof of Theorem 4.1 we refer to [18]. Here we consider only the
special case where h is compactly supported on a compact subinterval
J of (0,00). In this case the condition (4.4) reduces to the finiteness of
| F~A(|])]]l, and thus, by Theorem 3.1, we need to prove the estimate

HBd [thg] HLP(rdfldr

BN 1/p
S () RO+ e ar) gl gy

—00

Proof of (4.5). Here we give the simple idea for the proof of this special
case. We need to use the standard asymptotics for Bessel functions (see
[14], 7.13.1(3)), namely for |z| > 1,

M
x) = Z Cyacos(T — d%“lﬁ):z_%_%
v=0

d+1

+ ZEM sin(z — %W)x_z”_i + EM,d(ZE)

with coq = (2/m)"/2, and the derivatives of Ejy 4 are bounded.
Note that

(4.7) Ba[hBag](r /K r,5)s% g (s)ds
where
(4.8) K(rs) = / T h()3(pr)3(ps)pdp.

Using the above asymptotic expansion in this integral, for both J(pr)
and J(ps) one derives the following pointwise bound
a1 [ |R(Er £ 5 —u)|

du.
T+ )y

(4.9) |K(r,s)\52(1+r) “(1+s)
(%)
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where x = F5 '[h]. If we incorporate the weights into the operator, set
f(s) = s@=D/rg(s), and use (4.9), then (4.5) reduces to

(4.10)
& +r+s— 1/
</ // In(r £ 5 Nu)| |f(s)|dsdurdr) ’
1+\| 1+\8\ (1 + |ul)
5 151 Lot rp@-na-vr2 amll fll Lo ar) -
Let

1+ |r|
Kirs) = (1 + s

By an application of Minkowski’s inequality and a straightforward es-
timate we see that (4.10) follows from

@11 ( / | / K(r, s) f(s)ds pdr)l/p

S &l ecasirpena-rmanl fll e s) -

We split the kernel into K'(r,s) = K(r,8)X|s<pj2 and K2(r,s) =
KC(r, 8)X|s|>|r/2- The main contribution comes from the first kernel
and we get

</ ‘ / K (r, ) f(s)ds pdr)l/p

o -1)(1-% 1/p
5/(1+\‘\)Ed—)|1><1—%>< o (1+ [rpene 2)|l€(i—rj:s)|pdr> ds

12 1/p
</ (a+ |S|J;Sz|1><;—;>ds (JasieroDepar) "

For p < -2

)(d V6T )

- +1 Holder’s inequality yields

/ (L+ )"0 D f(s)lds < I,

and we get the analogue of (4.11) for the kernel K.

For the contribution with |s| > |r|/2 we can drop the term

(d—1)(1/p—1/2
<1+|r|> (1/p— /)<
1+ |s| ~

(/‘/I@(r, s (s)as|ar)" < Il

and estimate
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Since by Holder’s inequality and p < d +1

Il 5 ([ 00 -Dlupar)

we get the analogue of (4.11) for the kernel K. This finishes the proof

of (4.5). O
Open problem: Is there an effective characterization of L? , — L? .
boundedness in the range d +1 <p<2?

5. RADIAL FOURIER MULTIPLIERS WITH COMPACT SUPPORT

We now give the proof of the characterization of radial multipliers
with compact support away from the origin, which was obtained in the
paper with Heo and Nazarov [23].

Theorem 5.1. Letd >4, 1 <p<pg: d+12, and let m be radial,
m = h(] )
with h supported in (3,2). Let k as in (3.1), i.e. k(r) = (2m)FL[h](r).
The following are equivalent:
(i) m € MP(R?)

oo 1/
(ii) (72 ()P (1 + )00 220) T < oo
(iii) F~1[m] € LP(RY).
For the equivalence of (ii) and (iii) see §3. Clearly (i) implies (iii), in
view of the compact support of m. In this section we prove that (iii)
implies (i).

Let ¢g be a radial Schwartz function, compactly supported in {|z| <

1} such that b0(€) > 0 on {€:1/2 < [€] < 2}. Take vyg = A?M ¢, for
M > 5d. Then 1) is a radial Schwartz function, compactly supported
in {|z| <1} such that wo( )>0on {£:1/2 <|[£] <2} and such that

foiartone=s

for all polynomials of degree < 4M. Let
Y = 1o * .
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Let n be a radial Schwartz function such that 7(¢) = [(€)]7" for
1/2 < |¢] < 2. Then A(EDP(E)TE) = m(€) and thus

Flml =« K =g *y* K

where K = n* F~![m]. Note that K is radial and K is compactly
supported in {£:1/2 < [¢| < 2}. Clearly

1Ky < 17 mll, -

Thus we need to show

(5.1) [0+ K fllp, S NE 0
Let IC(r) be defined on (0, c0) so that K(|z|) = K(x).
If g € S we have, by polar coordinates,

/ K (2)g(x)dz = / Kyt /S gy dr

and thus
(5.2) K:/ K(r)o.dr
0

where o, is the surface measure on the sphere of radius r and (5.2) is
understood in the sense of distributions. Note that

low|lar = O
Also (g, 9) = 1o, () , Le. 7, = ro(r ).
Lemma 5.2. We have (

5.0 < ——

(oF% S T d—1
(14 [¢lr)F

and

(5.3) 100 orlloe S (147)5

Proof. The first formula follows from stationary phase or the explicit
formula ([48])

(5.4) a1 (I€]) = a(l€l),
with J as in (4.2)
Now (5.3) follows because ’l//J\ vanishes at the origin to order 20d. [
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The contribution of the integral in (5.2) for » < A is trivial for our
purposes since

A A
H / IC(r)a,,drH < / () = dr
0 1 0
N Ad/pl(/oA |/C(7‘)|prd_1dr> l/p.

Let f € LP(R?). We need to prove

(5.5) H/;O /w*arx— fldydr|
s([ \K(r)\prd—ldr) "Il

Let

(5.6) F, () ==Y *0.(x —y).

We replace the tensor product function f(y)K(r) with a more general
function g in the Lebesgue space LP(R? x (0,00); dy r¢=tdr). We will
then prove the more general inequality

(5.7) H/ / wr r)dydr| S (/:O/\g(y,r)\”dyrd‘ldr>l/p

It is convenient for notation to discretize the above inequality. This
is natural in view of the compact support of the Fourier transform of K
and (w.l.o.g.) the Fourier transform of f. For u = (u/, ugy1) € [0,1]% x
[0, 1] let Z, be the half-lattice consisting of those (y,7) = (y1,...,Y4,7)
such that y; = z; + u; for some integer z; and r = n + ugy; for some
integer n > 2. It suffices to prove the inequality

65 | X @] (3 latnpe)”

(y,r)€2y (y,r)€2y

with a bound uniform in u € [0, 1], Henceforth it is assumed that

all (y,r) sums are taken over Z,. Later we shall also use the notation

(5.9) Zew=1{(y,7) € Z,: 2% <pr < 2F1}.

Inequality (5.7) (with the r-integration over [1,00)) is an immediate
consequence of (5.8), by averaging and Holder’s inequality. Indeed, we



20 ANDREAS SEEGER

H/loo/@b*ar(f'f—y)g(y,r)dydr )

S H /[O,l]dﬁ (MZGZu Yx o —y)g(y, r)deu

have

/ Z vxo(xr—1y)gly,r)| du
[0,1]d+1 1)EZu p
P 1/p
s(/f S B @ty )| du)
[0,1]¢+ Y,r)EZy P

and, once we prove (5.8), the right hand side of the previous display is
bounded by a constant times

1/p & 1/p
(0 3 twnreta)” = ([ [awnpaa)™
0,1]d+1 1

Support properties. Recall that the support of ¥ is in the unit ball
and thus

(5.10) supp(Fy,r) C {z: Hx —y|— 7" <1},

which has measure O(r?~!) if r > 2. Thus if £ is a subset of Z,, Zj.,
as in (5.9), then we have the trivial consequence

(5.11) meas (supp Z Z Fy#)) < ng(d—l)#(g N Zha).
k

k (yr)€EENZ

(y,r)E€EZu

This estimate may be improved if the set £ C Zj, ,, is concentrated on a
ball of radius Ry € (1,2%). Observe that the cardinality of £ is always
O(R2™) in this case and an improvement over (5.11) happens if this
cardinality is substantially larger than Rj.

Lemma 5.3. Let 1 < Ry < 2k, & C Z;.., and suppose that & is
contained in a ball By of radius Ry. Then

(5.12) meas (supp( Y |Fl)) S 24 VR,

(va)Egk

Proof. 1f (yo, 7o) is the center of By and if F},,(x) # 0 then ||z —y|—r| <
1 and consequently

|z = yol = 70| < |lo =yl — 7|+ |y = yol + |7 — ro| <1+ 2Ry.
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Thus
supp ( > Fy,r> C {(y,7r) € Zru + ||z = yol = ro| < 2Ro+1}
(yvr)egk
and the measure of this set is O(2¥ @~V Ry). O

A weak orthogonality property. Inequality (5.8) trivially holds for
p = 1 since ||F, |1 = O(r‘~1). We also know that ||F, |3 = O(r¢ 1)
and thus if the functions F},, were orthogonal, or almost orthogonal in
a strong sense then one would get the inequality for p = 2. However,
this would imply that we get L? boundedness for convolution opera-
tors for which the compactly supported Fourier multiplier is merely in
L?, but of course boundedness of the Fourier multiplier is a necessary
and sufficient condition for L? boundedness. Consequently the F, . are
not “almost orthogonal” enough. Nevertheless there is a weak orthog-
onality which will be crucial in our estimates. It is expressed in the
following

Lemma 5.4.

(5-13) }< YT y’,T”> S

d—1

(rr') "
A+ly—y|+|r—r)=

Proof. By Parsevals’s identity
< yraFy’,r’> 27T d< yraFy’,r’>

Recall that o1 (|£]) = J([€]) (¢f. (5.4)) and thus, with @E({) = B([¢]), we
have

= () / BR300 [ o)
= (rr') /|B p" 13 rp)a(r p)d(ply — y'1) dp

—1

Now |J(s)| < (1+|s|)~2" and if we take into account that |3(s)| <
2% for 5] 1 and [3(s)] < [s| Y for |s| > 1, we obtain

-1

(rr) %"
d—1
Q+ly—y]) =

‘< yery’,r’M S
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This gives the asserted bound when |r —7'| < C(1+ |y —19/|). But from
supp(Fy,) C {z: [lz —y| —r| < 13,
supp(Fy ) C {x: H:c —y| =7 <1}

we see that for |r —r'| > 1+ |y — /|, the supports of F,, and Fj,,, are
disjoint. Hence (F, ., Fy,») = 0 in this case. O

We note that one can prove a finer estimate
(5.14)

[(Fyrs Fyo)| < On(rr') 2 (L y—y/ )2 > (14 |rr' £y —y/])
+.+

if one uses the oscillations of the Bessel functions (as in (4.6). We will
not have to use (5.14).

Reduction to a restricted weak type inequality. We need to
prove the inequality (5.8) for p in the open range (1, 2%:11) ). Consider
the operator 7 acting on functions {g(y,r)} on the lattice Z,, defined

by
=2 Fula

(y,r)

By the generalized Marcinkiewicz interpolation theorem it suffices to
prove that 7 maps the weighted Lorentz space (7*(Z,, r?1) to LP>°(R9).
For k=1,2,... let

(5.15) & C Zru
and let ¢, , be constants satisfying
(5.16) sup |eyr| < 1.
y,r
This (*1(Z,,r* ) — LP>(R?) bound follows if we can show the re-

stricted weak type inequality
(5.17)

meas({xE]Rd ‘Z Z Cyrlyr

k (y?“ E(‘:k

>)\}) <A\ pZde 1

We note that (5.17) is true for p = 1, and thus implies (5.17) for p > 1
when A < 1. Hence in what follows we will assume that A > 1. We
may also assume that #&;, < oo for all k.
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Modified Calderén-Zygmund decompositions. The following propo-
sition is motivated by the support estimate in Lemma 5.3. In what
follows A > 1.

Proposition 5.5. For every k there is finite collection By, of disjoint
balls so that

(i) Each ball B € By, has radius rad(B) < 2% and
#(BN &) > NWdiam(B).

(ii) For each B € By denote by B* the ball with same center, and
radius equal to five times the radius of B. Define the sparse set (or low
density set) EF as

=&\ J B
Be®By,
Then for every subset D of Zy., with diameter < 28+ we have

#(EP N D) < Ndiam(D).

Proof. This is analogous to the proof of the usual Vitali type covering
lemma. We set B, = ). If there are no balls of radius at most 2% with
the property that the cardinality of the intersection is at least A? times
the diameter of the ball then we set & = & and properties (i) and
(ii) are satisfied with By = B = (). Otherwise we choose a maximal
ball By of radius at most 2¥ such that #(B;, N &) > AP diam(By ) .

At stage ¢ we are given a collection By, = {Bi, ..., Be_1x} of {—1
disjoint balls such that #(&,N B, ) > AW diam(B, ) fori=1,...,0—1
and such that the radii of B, do not increase if ¢ increases. If there
are no balls of radius at most 2¥ in the complement of U= B, such
that the cardinality of the intersection with & is at least AP times the
diameter of the ball then we set £ = £ \U{Z{ B ;, and the construction
stops. Otherwise choose a maximal ball By of radius at most 2* in the
complement of Uf:llBLk such that #(Ber N E) > APdiam(By ). Note
that diam(Byy) < diam(B; ) for i = 1,...,¢ — 1 (since otherwise By
would have been selected before). We set By = {Bi s, ..., Bex}-

The construction stops at some stage, after having selected disjoint
balls B;, for i =1, ..., Nj. Then we set

By = Bk ={Bigs- -, By}
& = &\ UL Bl

If B is any ball satisfying #(B N &) > AP diam(B) then B must be
contained in B, for at least one of the balls B; ; in ®B;,. Hence this ball



24 ANDREAS SEEGER

is a subset of the complement of &". Thus if D is any set of diameter
< 2% we get card(EP N D) < AP diam(D). O

We use the construction from Proposition 5.5 to build an exceptional
set.

For each k € N and for each ball B € By, with center (yg,r5), we
define the subset of R?

Vg ={z eR?: ||z — yp| — rp| < 2(diam(B*) + 1)} .
Observe that for B € B,

supp( Z cy,,,Fy,r> C VB

(y,r)e&ELNB*

and thus, if we define

(5.18) v= U s

kN BEB),
then
(5.19) supp(z Z cy,rFy7T) c V.
ko (yr)gg”

Proposition 5.6. The Lebesque measure of V satisfies the estimate

meas(V) S AP Z M=V eard (&) .
K

Proof. Recall that for each B € B we have by property (i) in Propo-
sition 5.5,

diam(B) < A Pcard(&; N B).
Thus
meas(V) < Z Z 2k@=1 djam(B*)

k Be®By

S Z Z 2kd=1) diam(B)

k BEBy
< Z Z 2Fd=D\~Pcard(&, N B)
k BBy

SATPY 2k lye, 0

k
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L?-estimates. The purpose of this section is to prove

Proposition 5.7. For k =1,2,... let & be subsets of 2, with the
property that for any ball B of diameter < 2% we have the sparseness
assumption

card(E;” N B) < AP(diamB).
Then

= 3 ann

(y, r)GESP

<)\d “Tlog(2 + \) ZQW Daygr,

The proof is a combination of three lemmata. We begin with a
straightforward L? estimate which does not rely on our weak orthogo-
nality argument. Recall that always sup|c,,,| < 1.

Lemma 5.8. Let 1 < L < 2% and I be a subinterval of [2%, 2] of
length L. Let & be a subset of 2y, such that for all (y,r) € Er we have

rel. Then
2
| > aerl,
(y,r)€€T

< L2kd-bayg,

Proof. We have
IS

and, by the Cauchy-Schwarz inequality, this is estimated by a constant
times

—H%*Ur Z Z Cytbo(- —?/)

rel y:(y,r)€€r

LY s 3 et -

rel y:(y,r)EET
2

o T o]
rel y:(y,r)EET

SLY »8 Y e —w)ll3
rel y:(y,r)EET

SLY vy (yr) € &
rel

where we have of course used that the y and r’s are 1-separated. The
last displayed quantity is bounded by L2F@=Y4(&;). O
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We now let A > 1 and prove an L? estimate for the set £ constructed
in the previous section. We thus assume that every ball of radius < 2*
contains no more than A? diam(B) points in &;".

Lemma 5.9. Let 1 < L < 2% and let T be a collection of disjoint
subintervals of [2571, 25%2] which are of length L. Let

i ={(y,r) e &P r eI}
Then

(L_l_)\pL—Z—)de 1) #gsp

IS % ah,

I€T (y,r)€€y 1

Proof. We may assume that the intervals are 10 L-separated (after split-
ting the collection Z into eleven subcollections with this property). Let

Gk,I:Z Z Cyr by r.

Iez (y,r)egzl?]

Then
|Gl = S 6kl + 3 16 el
I I'£1
By Lemma 5.8,
(5.20) ZHijHz SLZde 1) ) < L2Md ()

We claim that

(5.21) Z [(Gr1, Gr1r)
I'AT
Let (y,r) € &,;. Then by Lemma 5.2, part (i),

oD [ E Fy)

£ (y' )€€, 1

_ _d-1
SPA > (") = (y, 1)

(v regr?
L< ‘ (y/77,,/)_(y’r)lg2k+3

521@((1—1) Z 2—4%()\;;24)

20>1/2

< o \P =

< NPLR ok e,
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where we have used that each ball of diameter 2¢ contains no more than
2¢0P points in &£F. We also used d > 3 to sum the geometric series.
Now we sum in (y,r) and get

Z }(Gk,l, Gr.r)

I'#]

<202 2 2 RaE)

I (y,’f‘)Eng I/7él (y,7rl)€6k,1’

52 Z 2k(d-1))\pL—z%

I (yr)€€k,r

SN LR R e

This proves (5.21). The lemma follows if we combine (5.20) and (5.21).
U

Corollary 5.10.

H Z Cy’f‘ y,r

(y,r) GESP

5 AT k(A=) g

Proof. If 2F < \P a1 this follows from Lemma 5.8. If 28 > )P a1 this
2
follows from Lemma 5.9 if we choose L = \7-1. U

Finally we show some almost orthogonality for the sums in which we
allow to vary k.

Lemma 5.11.

IS 5 s,

(y,r) ESSP

< ATT log(2 + \) Z okd=1)ygsp

Proof. Let N()) be the smallest integer larger than 10 log, (2+ AP). Let

Gk: Z Cy,TF%T.

(y,r)e&r

We write

(5.22) H S Gy z

2

<2

- H Z G 2
E<N(A
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and estimate

| ¥ af,sve X el

k<N()\) k<N()\)
(5.23) SATTlog(2+A) Y M- Dy,
k<N(N)
by Lemma 5.9.

Now, in order to estimate the L? norm of ), ~( Gk we may assume
the sum in k is taken over a 10-separed subsets of integers > N () (just
split the original sum in eleven different sums with this property). We
then have

G2 | X G < > G2 2 |Gl

E>N(X) k>N (A E>k'>N(X)

Again, by Lemma 5.9,

(5.25) ST IGHE S AT ST okdDyes,

k>N(\) k>N(A)

To estimate the second term in (5.24) we fix
(y,r) € &P

Let k' < k—10 and let (y/,7") € &;F. Then F, ,. is supported on a ball of
radius 7’41 centered at y’ and F,,, is supported on the 1 neighborhood
of the sphere of radius r centered at y. This means (F),,, F,/ /) can be
different from zero only if

r— 2K < ly —y'| <r+ oK' +3,

The set of (y/,7') € Z, satisfying 2 < r < 2F+! and satisfying the
displayed mequahty can be covered with O(2%=%)(@=1)) balls of radius
2" and each of them contains no more than O(\P2¥') points of £. For
those points the distance of (y,r) and (y',7') is = 2% and therefore, by
Lemma 5.13,

[(Fyrs )| S () 52750 S 2557

Y,T
Then also

ST By By )| S 2067060 (09 )b 5% < ppgh(i-1g—i 452
(y'r)€E
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Hence
DR DR[N]
N(A)<2K <2k=10 (y/ )€€
< \Pok(d-1) Z 2—k’d 3
N(\)<2k <2k—10
< APQ—N(,\)%y(d—l) < 9k(d-1)
since d > 3.

Finally we sum over all (y,r) € &" and get from the last display

> (G, Gr)

k>k'>N(N)

DD DD S S U Fy)l

E>N(X) (y,r) €6 N(N)<2k <2k=10 (y/ 1/ )eEY

(5.26) S ) D oKD ok ggr

k>N(N) (y,r)e&P

If we combine the last estimate with (5.25) we obtain

| 3 6, s w2evper

E>N())

and this, together with (5.23), proves the lemma. O

Conclusion. We prove the restricted weak type inequality (5.17), for
A > 1. Let V be as in (5.18). Using (5.19) we get

meas({z € R?: ‘ Z Z CyrFyr
k

(y,T)ng

< meas(V) + meas({:c eR?: ‘ Z Z CyrEyr

k (y, r)GESp

S meas(V) + A° HZ Z CyrEyr

(y,r) GESP

> A})

> A})

by Tshebyshev’s inequality.
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By Proposition 5.6 and Proposition 5.7 we get

meas({z € R?: ’Z Z CyrFyr| > A})

k (va)Egk

S AP+ AT 2 log(2+ A7) S 2K g
k

and the proof is concluded by observing that for A > 1
2(d—1)

2p
A1 21og(2 + \P) < AP if
T log(2+ W) S AT p< T

6. CHARACTERIZATION OF RADIAL FOURIER MULTIPLIERS AND
FURTHER RESULTS

One can generalize the theorem in the previous section to obtain
a characterization of all LP bounded operators which commute with
rotations and translations, in the range 1 < p < 2%5:11). The following
is proved in [24].

Theorem 6.1. Let m = h(|-|) be a bounded radial function on R® and
define the convolution operator Tj, on R? by

(6.1) Thf (€) = h(IEDF ().
Let 1 < p; < % and assume that (5.7) holds for p1. Let 1 < p <

p1, and let n be any nontrivial Schwartz function on R and let ¢ be
any nonzero C° function compactly supported on (0,00). Then the
following statements are equivalent.

(i) Ty, is bounded on LP.

(ii) Ty, maps LP , to LV ..

(i) supysy (77| Tiln(t-)][], < oo

(iv) The functions k; = Fg ' [ph(t)] belong to LP((1+|r|)d-D0=P/2)qy)
with norm uniformly bounded independently of t.

The proof is somewhat technical and uses atomic decompositions of
LP? spaces. By the results of the previous sections we have the following
corollary (proved first in [23]).

Corollary 6.2. Letd >4 and 1 < p < 2%—;11). Then statements (i) -
(iv) are equivalent.

It would be very interesting to get a sharp inequality in two and
three dimensions, for some nontrivial range of p.
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It is easy to see (by Holder’s inequality on dyadic intervals and
Plancherel’s theorem) that

(6.2) /}m )(1 4 [r])-D0=p/2 dr) <Rl ., -
Thus Conjecture II, for d > 4 in the range p < 2(j+1 follows from

Conjecture III . However one can modify the proofs of Theorems 5.1
and 6.1 to get Conjecture II and its global analogue in the range of the
Tomas restriction theorem for the sphere, see [30].

2(d+1)
Theorem 6.3. Ford>2,1<p< e

|77 001 DA, < sup ek, 111

d($—%)p
Finally, the upper bounds in Corollary 6.2 and Theorem 2.2 can be

interpolated (using Calderén’s [+, -]%-method, see [3]) to get the follow-
ing M} theorem, for s between p and 2.

Theorem 6.4. Let d > 4, and let m = h(| -|) be a bounded radial
function on R and let T}, be as in (6.1). Let either

(a)l<p<2(j+11 andp < s <2,

or

2(d—1) d+1)
(b) (d+1 <p< (d:_’g cmd < 2 <d+1(%_%)‘

Then the following are equwalent:
(i) Ty, maps LP to L*.

(ii) Ty, maps LP , to L? ;.

(i) supps t77|| Tuln(t)]], < oo

(iv) Let k; = Fg'loh(t)]; then the function t¥P=%k, belong to
LA((1 + |r|)@=1CO=3/2qr) with norm uniformly bounded independently
of t.

Similarly, the M} analogue of Theorem

Theorem 6.5. Ford>2,1<p< 25:31), p<s<2,

|71 DAL < sup e oh( sz, 1Sl

A Hardy space bound. The following Hardy space result is more ele-
mentary than Theorem 6.4. We let ¢ be a C§° function supported in
(1/2,2) such that Y, , ¢(2F) = 1.
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Theox;em 6.6. Let ai\z 2. For f € ﬁ(Rd) define T by f}(g) —
h(IENF(E) and Ty by Thf (&) = w(27*ENT f(E). Then

[P EENARE s%p [Tl 110

Proof. Clearly if T : H' — L' then T}, : L' — L' with uniform bounds.

Vice versa let K be the radial kernel with Kj, = o(|¢])h(2¥]¢]).
Then, as before we can write K; = fooo Kr(r)Y x o.dr where ¢ =
o %o %o %1y, 1) 18 supported in a ball of radius 1/4 and all moments
of order < 5d of 1, vanish. Let

B = sup/ k(M) (1 + 1)~ sup || Tellpropr
keZ Jo k

We use the atomic decomposition of H' (see e.g. [47]). By translation
invariance and by dilation invariance of the hypothesis we need to prove

HZ/ (2 o)) e, <S“p/m|’ck(r)l(1+r)d—ldr

keZ Jo

where supp(a) C {y : |y| <1}, |lallc <1 and [ a(x)dz = 0.

For k£ < 0 we use the cancellation condition. We have
1250 03] (25) % ally S (1 + r) 1259 (2%) * al|y

and since ||2¥4)(2%.) x a||; = O(2*) we see using Minkowski’s inequality

HZ/ KCr(r) 28 % 0,](2%-) * a dr

<BZ2’“<B

k<0

Next we consider the corresponding sum for & > 0. Note that the

expression
2k+10

/0 K (r) 28 % 0,](2%-) * a dr

is supported in {z : |z| < C} and for every n > 2'° the expression

2k (n41)
/ i ()28 4 * 0,](28-) % a dr
2

kn

is supported in an annulus centered at 0 with radius ~ n and width
~ 1.
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We set b, = 2Mp,(2F-). Apply the Cauchy-Schwarz inequality on
{|]z] < C} and (5.3) to get

I *

)28 % 0] (2%) * adrH

k>0 o
S H Zwo k¥ / /Ck(T’)de[wo * Yo * Ur](Qk') * Yo i, adTH2
k>0
S (RZZO H /02 h Ki(r)2% o * 4o % 0,](2%) * Yo * adr z> "
s(X] / I el o] ),
k>0 V0

SBO lvos *al3)'* $B.
k

Finally, applying Cauchy-Schwarz on {z : ||z| — n| < C}, and using
(5.3) again yields

2k+n+1

Z Z / (r)28 [ * 0,) (2% * adr
k>0 p>210 7 287 !
2% (n4-1)
<> Z Kie(r)2" [ % 0,](2%) % a dr
k>0 n>210 2
2k (n+1)
I / ()5 dr Jall
k>0 n>210 2"
. 2k (n+1)
<N o Z / \Ku(r)|r dr ||al], < B.
k>0 n>210

U

Remark. There is no equivalent of Theorem 6.6 in the case d = 1.
Consider the even multipliers on the real line

2N -
=3 (g - 2b)
k=N

where y € C{°(R). Then the dyadic pieces represent multipliers with
L' norm uniform in &, but the H*(R) — L'(R) operator norm is ~ v N
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for large N; moreover for 1 < p <2, ||muy||a, &~ NY/P71/2. See [34] and
[50]. This example is in some sense optimal, see [10], [43].

An LP space time estimate for the wave equation. For the proof of
our LP multiplier theorems we need the main inequality (5.7) only
for tensor product functions of the form g(y,r) = f(y)x(r). However
using duality, the more general inequality can be used to prove sharp
Li-Sobolev space time estimates for the wave equation (see [23], [24]).

Theorem 6.7. Ford >4, q > 2(d_1),

d—3
Lo 1/q 1 1 1
itv/—A r]|9 < 4 —Ad(Z -2 _ =
64 ([ 12 rla) " S 1l a=dG -0 -3
This can be compared with the fixed-time bound (Peral [40])
. 1 1
itvV—A |9 < q —(d — Z_Z
G S T SRV B

Sogge’s "local smoothing” conjecture [45] says that for ¢ > d2Td1 the

inequality (6.4) should be true with a > 5 — 1/q. That is the t in-
tegration gains almost 1/q derivatives over the fixed time estimate.
Hence Theorem 6.7 realizes an endpoint version of Sogge’s conjecture
in a restricted g-range. For a variable coefficient analogue and other
extensions see [31]. The theorem improves, in high dimensions, the p
range in proofs based on Wolff’s inequality for plate decompositions
of cone multipliers ([59], [27]). In low dimensions the Wolff method
gives better (although currently no endpoint) results. Finally, Lee and
Vargas proved more recently that the wave operator maps L?(R?) to
LY(R? x [-1,1]), for any € > 0 and 2 < ¢ < 3. Their method is differ-
ent and relies on multilinear adjoint restriction estimates by Bennett,
Carbery and Tao [2] and the method by Bourgain and Guth [7].
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